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GLFKORURHWK\OHQH� 7KH SRWHQWLDO IXQFWLRQV DUH 0RUVH�W\SH IXQFWLRQV ZKLFK DUH PRGLILHG E\ DSSURSULDWH VZLWFK�

LQJ DQG DWWHQXDWLQJ IXQFWLRQV ZLWK DGMXVWDEOH SDUDPHWHUV� 7KH SDUDPHWHUV KDYH EHHQ IRXQG E\ ILWWLQJ WKH FDOFX�

ODWHG YLEUDWLRQDO IUHTXHQFLHV� UHDFWLRQ HQGRWKHUPLFLW\� HTXOLEULXP JHRPHWULHV RI WKH UHDFWDQW DQG SURGXFWV WR

WKRVH RI H[SHULPHQWV DQG DE LQLWLR FDOFXODWLRQV� 7KH WUDQVODWLRQDO HQHUJ\ UHOHDVH REWDLQHG IURP FODVVLFDO WUDMHF�

WRU\ FDOFXODWLRQV RQ WKLV VXUIDFH LV LQ JRRG DJUHHPHQW ZLWK WKH H[SHULPHQW�

,QWURGXFWLRQ

7KH PROHFXODU HOLPLQDWLRQ SURFHVVHV LQ KDORHWK\OHQHV�
&�+��Q;Q� DUH FODVVLILHG LQ WKUHH W\SHV� ��� WKH IRXU�FHQWHU
HOLPLQDWLRQ� DOVR FDOOHG α,β� RU ����HOLPLQDWLRQ LV D FRQFHUW�
HG� RQH�VWHS UHDFWLRQ GLUHFWO\ OHDGLQJ WR WKH SURGXFWV� +&O
DQG DFHW\OHQH RU KDORDFHW\OHQH� ��� WKH WKUHH�FHQWHU HOLPLQD�
WLRQ DOVR UHIHUUHG WR DV α,α� RU ����HOLPLQDWLRQ LV D WZR�VWHS
UHDFWLRQ LQYROYLQJ YLQ\OLGHQH RU KDORYLQ\OLGHQH LQWHUPHGL�
DWHV ZKLFK UHDUUDQJH WR DFHW\OHQH RU KDORDFHW\OHQH� ��� WKH +
RU KDOLGH PLJUDWLRQ OHDGLQJ WR KDORHWK\OLGHQH LQWHUPHGLDWHV�
ZKLFK DUH WKHQ GLVVRFLDWHG LQWR WKH SURGXFWV YLD WKH WKUHH�
FHQWHU HOLPLQDWLRQ�
0RURNXPD HW DO�� VWXGLHG SRWHQWLDO HQHUJ\ VXUIDFHV IRU WKH

XQLPROHFXODU GHFRPSRVLWLRQ RI GLFKORURHWK\OHQH �'&(� DQG
WULFKORURHWK\OHQH LQ WKH JURXQG HOHFWURQLF VWDWH E\ DE LQLWLR
PROHFXODU RUELWDO FDOFXODWLRQV� ([SHULPHQWDOO\� 8PHPRWR HW
DO�� PHDVXUHG WUDQVODWLRQDO HQHUJ\ �(W� VSHFWUD RI WKH &O DQG
+&O IUDJPHQWV IURP WKH π 
 ← π H[FLWDWLRQ DW ��� QP IURP
YLQ\O FKORULGH� WUDQV�'&(� FLV�'&(� ����'&(� 7KH QDVFHQW
URWDWLRQDO GLVWULEXWLRQV RI +&O �υ  �� �� DQG �� JHQHUDWHG
IURP WKH SKRWRGLVVRFLDWLRQ RI YDULRXV LVRPHUV RI '&( DW ���
DQG ��� QP ZHUH DOVR PHDVXUHG XQGHU PROHFXODU EHDP FRQ�
GLWLRQV�� 7KH GLVVRFLDWLRQ RFFXUV LQ WKH JURXQG HOHFWURQLF
VWDWH YLD LQWHUQDO FRQYHUVLRQ� *RUGRQ HW DO�� UHFHQWO\ GHPRQ�
VWUDWHG WKDW URWDWLRQDO HQHUJ\ GLVWULEXWLRQ RI +&O IURP WKH
DERYH GLFKORURHWK\OHQHV LV LQGHSHQGHQW RI WKH LVRPHU RI WKH
SDUHQW PROHFXOH� 7KH DXWKRUV VKRZHG WKDW RQO\ WKH IRXU�FHQ�
WHU HOLPLQDWLRQ WDNHV SODFH IURP ����'&(� 7KH PHDVXUHG
URWDWLRQDO HQHUJ\ GLVWULEXWLRQV RI YLEUDWLRQDOO\ H[FLWHG +&O
�υ  � DQG �� ZHUH %ROW]PDQQ�OLNH� ZKLOH WKRVH RI +&O
�υ  �� FRXOG QRW EH UHSUHVHQWHG E\ D VLQJOH %ROW]PDQQ GLV�
WULEXWLRQ ZKLFK FRQVLVWHG RI WZR FRPSRQHQWV� 7KH SKRWRGLV�
VRFLDWLRQ RI G��YLQ\O FKORULGH ZDV DOVR LQYHVWLJDWHG WR
HOXFLGDWH WKH GHWDLOHG GLVVRFLDWLRQ PHFKDQLVP RI YLQ\O FKOR�
ULGH�� ,W KDV EHHQ SURSRVHG WKDW WKH SURGXFW DQJXODU PRPHQ�
WXP GLVWULEXWLRQ VKRXOG EH GHWHUPLQHG QHDU WKH H[LW FKDQQHO
RI WKH UHDFWLRQ FRRUGLQDWH DQG WKH YHU\ GLIIHUHQW URWDWLRQDO
GLVWULEXWLRQ REVHUYHG LQ WKH FDVH RI +&O �υ ! �� VKRXOG EH

FDXVHG E\ IRUPDWLRQ RI K\GURJHQ�ERQGHG π FRPSOH[HV
EHWZHHQ +&O DQG DFHW\OHQH�
7KH GHWDLOHG PHFKDQLVP RI WKH XQLPROHFXODU GLVVRFLDWLRQ

RI '&( FDQ EH XQGHUVWRRG IURP G\QDPLFV FDOFXODWLRQV� 7KH
ILUVW UHTXLUHPHQW IRU H[HFXWLRQ RI FRPSXWDWLRQDO VWXGLHV LV
WKH FRQVWUXFWLRQ RI DQ DFFHSWDEOH SRWHQWLDO HQHUJ\ VXUIDFH WR
UHSUHVHQW WKH ����GLFKORURHWK\OHQH V\VWHP� )RU SRO\DWRPLF
PROHFXOHV ZLWK PDQ\ HOHFWURQV VXFK DV '&(� WKLV LV D IRUPL�
GDEOH WDVN ZKLFK FDQ RQO\ EH DFFRPSOLVKHG ZLWK OLPLWHG
DFFXUDF\� 7KH VL]H DQG QXPEHU RI DE LQLWLR FDOFXODWLRQV
UHTXLUHG WR FKDUDFWHUL]H WKH HQWLUH VXUIDFH DUH WRR ODUJH� 7KLV
LV SDUWLFXODUO\ WUXH LQ D V\VWHP ZKHUH WKHUH H[LVW VHYHUDO
SURGXFW FKDQQHOV DQG VDGGOH SRLQW UHJLRQV WKDW DUH LPSRUWDQW
IRU WKH G\QDPLFV RI WKH UHDFWLRQ� ,Q DGGLWLRQ� WKH XVH RI DUEL�
WUDU\ IXQFWLRQDO IRUPV VHOHFWHG WR ILW WKH DE LQLWLR UHVXOWV
RIWHQ OHDGV WR GLIILFXOWLHV XQOHVV SK\VLFDOO\ PRWLYDWHG IRUPV
DUH XVHG�
7KH DERYH FRQVLGHUDWLRQV VXJJHVW WKDW WKH PRVW SURGXFWLYH

OLQH RI DWWDFN VKRXOG EH VHPL�HPSLULFDO LQ QDWXUH� 7KDW LV� D
JOREDO UHSUHVHQWDWLRQ RI WKH SRWHQWLDO HQHUJ\ VXUIDFH VKRXOG
EH VHDUFKHG ZKLFK FRUUHFWO\ UHSURGXFHV DV PDQ\ RI WKH
NQRZQ FKHPLFDO IHDWXUHV RI WKH V\VWHP DV SRVVLEOH� 7KHVH
LQFOXGH WKH UHDFWLRQ HQGRWKHUPLFLW\� WKH IXQGDPHQWDO YLEUD�
WLRQDO IUHTXHQFLHV� DQG WKH HTXLOLEULXP ERQG OHQJWKV DQG
ERQG DQJOHV IRU DOO UHDFWDQW DQG SURGXFWV� ,Q DGGLWLRQ� WKH
VXUIDFH VKRXOG SURYLGH WKH FRUUHFW UHDFWLRQ SURILOH DQG EDU�
ULHU KHLJKW� 1R PDWWHU ZKDW LV GRQH� KRZHYHU� WKH V\VWHP LV
VR FRPSOH[ WKDW DQ\ JOREDO UHSUHVHQWDWLRQ RI WKH SRWHQWLDO
HQHUJ\ VXUIDFH PD\ QHFHVVDULO\ EH GHILFLHQW LQ PDQ\
UHVSHFWV� 1HYHUWKHOHVV� LI WKHUH DUH HQRXJK IHDWXUHV RI WKH
VXUIDFH WKDW DUH LQ UHDVRQDEOH DFFRUG ZLWK H[SHULPHQWV� WKHQ
LW VKRXOG EH SRVVLEOH WR XWLOL]H WKH SRWHQWLDO HQHUJ\ VXUIDFH LQ
YDULRXV W\SHV RI G\QDPLFV FDOFXODWLRQV�
,Q WKLV SDSHU� DQ DQDO\WLFDO SRWHQWLDO HQHUJ\ VXUIDFH IRU WKH

IRXU�FHQWHU HOLPLQDWLRQ RI +&O IURP ����GLFKORURHWK\OHQH LV
UHSRUWHG� ,Q RUGHU WR WHVW XVHIXOQHVV RI WKH VXUIDFH� FODVVLFDO
WUDMHFWRU\ FDOFXODWLRQV KDYH EHHQ SHUIRUPHG RQ WKH FRQ�
VWUXFWHG VXUIDFH WR GHWHUPLQH WKH WUDQVODWLRQDO HQHUJ\ UHOHDVH
IURP WKH UHDFWLRQ�



��� %XOO� .RUHDQ &KHP� 6RF� ����� 9RO� ��� 1R� � %RQJ :RR /HH HW DO�

&DOFXODWLRQV

DE LQLWLR &DOFXODWLRQ� 7KH DE LQLWLR FDOFXODWLRQV ZHUH
SHUIRUPHG DW WKH OHYHO RI WKH VHFRQG�RUGHU 0φOOHU�3OHVVHW
SHUWXUEDWLRQ �03�� XVLQJ WKH ����*

 EDVLV LQ WKH *$0(66
SDFNDJH��� 7KH PLQLPXP HQHUJ\ JHRPHWULHV IRU WKH UHDFWDQW
DQG SURGXFWV ZHUH IRXQG ZLWK ��� Ó ��−� KDUWUHH�ERKU JUDGL�
HQW FRQYHUJHQFH WROHUDQFH� 7KH WUDQVLWLRQ VWDWH JHRPHWU\
ZDV GHWHUPLQHG XQGHU WKH VDPH FRQGLWLRQ� 7R VHDUFK IRU WKH
WUDQVLWLRQ VWDWH JHRPHWU\� VR�FDOOHG WKH VWDQGDUG PHWKRG

LPSOHPHQWHG LQ WKH *$0(66 SDFNDJH ZDV XVHG� $OVR� QRU�
PDO FRRUGLQDWH DQDO\VLV ZDV FDUULHG RXW DW WKH VDPH OHYHO WR
LGHQWLI\ RSWLPL]HG VWDWLRQDU\ SRLQWV� ZKLFK ZDV REWDLQHG E\
VFDOLQJ WKH 03� IUHTXHQFLHV E\ ����� 7KH VWUXFWXUHV DQG
YLEUDWLRQDO IUHTXHQFLHV RI WKH RSWLPL]HG JHRPHWULHV LQ WKH
UHDFWLRQ RI ����'&( ZHUH VXPPDUL]HG LQ 7DEOH �� � DQG ��
7KH VWUXFWXUH RI WKH WUDQVLWLRQ VWDWH REWDLQHG E\ WKH DE LQLWLR
FDOFXODWLRQ LV VKRZQ LQ )LJXUH ��E��
9HULILFDWLRQ RI ZKHWKHU WKH WUDQVLWRQ VWDWH VWUXFWXUH GRHV

LQGHHG FRQQHFW WKH UHDFWDQW DQG SURGXFWV UHTXLUHV FDOFXODWLRQ
RI WKH LQWULQVLF UHDFWLRQ FRRUGLQDWH �,5&������� ,5& FRQQHFW�
LQJ WKH UHDFWDQW DQG SURGXFWV WKURXJK WKH WUDQVLWLRQ VWDWH ZDV
FDOFXODWHG XVLQJ WKH *RQ]DOH]�6FKOHJHO VHFRQG RUGHU �*6��
PHWKRG LQ WKH *$0(66 SDFNDJH� 7KH JUDGLHQW FXWRII YDOXH
RI ��� Ó ��−� KDUWUHH�ERKU ZDV XVHG WR GHWHUPLQH ZKHWKHU
,5& ZDV DSSURDFKLQJ PLQLPD� 7KH VWULGH RI ���� VTUW

± ERKU ZDV XVHG WR FDOFXODWH WKH VWHS OHQJWK WDNHQ�
$QDO\WLFDO 3RWHQWLDO (QHUJ\ 6XUIDFH� 7KH DWRPLF QXP�

EHULQJ DGRSWHG LQ WKH H[SUHVVLRQ RI WKH SRWHQWLDO HQHUJ\ VXU�
IDFH LV VKRZQ LQ )LJXUH �� 7KH WRWDO SRWHQWLDO HQHUJ\ ZDV
H[SUHVVHG LQ WHUPV RI DQDO\WLFDO IXQFWLRQV RI WKH LQWHUDWRPLF
GLVWDQFHV DQG ERQG DQJOHV���� 7KH HQHUJ\ PLQLPXP RI WKH
UHDFWDQW LV WDNHQ DV WKH HQHUJ\ UHIHUHQFH� 7KH WRWDO SRWHQWLDO
HQHUJ\ LV JLYHQ E\

DPX
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7KH SRWHQWLDO HQHUJ\ ZDV FKRVHQ DV WKH VXP RI ERQG VWUHWFK�
LQJ SOXV EHQGLQJ SRWHQWLDO HQHUJLHV IRU HDFK RI WKH VL[ DQJOHV
DORQJ ZLWK ZDJJLQJ DQG WRUVLRQDO WHUPV� (DFK RI WKHVH
SRWHQWLDOV LV PXOWLSOLHG E\ DSSURSULDWH VZLWFKLQJ IXQFWLRQV
VR DV WR SURYLGH FRUUHFW DV\PSWRWLF OLPLWV RI WKH SRWHQWLDO� ,Q
DGGLWLRQ� HDFK WHUP LV DGMXVWHG ZLWK SDUDPHWHUV WR DOORZ WKH
WRWDO SRWHQWLDO WR EH ILWWHG WR WKH PHDVXUHG IXQGDPHQWDO IUH�
TXHQFLHV� HTXLOLEULXP VWUXFWXUHV RI WKH UHDFWDQW DQG SURGXFWV�
DQG WKH KHDW RI UHDFWLRQ�
7KH FDUERQ�FDUERQ LQWHUDFWLRQ� � LV D 0RUVH�W\SH

IXQFWLRQ ZKRVH SDUDPHWHUV DUH YDULHG ZLWK LQWHUDWRPLF GLV�
WDQFHV�

���

ZKHUH
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���

���

ZLWK

���

,Q ���� DQG DUH WKH SRWHQWLDO ZHOO GHSWKV IRU WKH FDU�
ERQ�FDUERQ WULSOH DQG GRXEOH ERQGV� UHVSHFWLYHO\� DQG

DUH WKH FXUYDWXUH SDUDPHWHUV DQG DQG DUH WKH
HTXLOLEULXP ERQG GLVWDQFHV IRU WKH WULSOH DQG GRXEOH ERQGV�
UHVSHFWLYHO\� LQ ��� DQG ���� 7KH VZLWFKLQJ IXQFWLRQ GHILQHG
E\ ��� DOWHUV WKH 0RUVH SDUDPHWHUV RI WKH FDUERQ�FDUERQ
ERQG IURP WKRVH RI WKH GRXEOH ERQG WR WKRVH DSSURSULDWH IRU
WKH WULSOH ERQG DV WKH UHDFWLRQ SURFHHGV�
7KH LQWHUDFWLRQ SRWHQWLDO IRU WKH FRQVHUYHG FDUERQ�K\GUR�

JHQ ERQG LV JLYHQ E\

���

ZKHUH

���

���

����

ZLWK

����

$V LQ �������� DQG DUH WKH ZHOO GHSWKV� DQG
DUH WKH FXUYDWXUH SDUDPHWHUV� DQG DUH WKH

HTXLOLEULXP ERQG GLVWDQFHV EHWZHHQ + DQG WKH WULSOH DQG
GRXEOH ERQGHG FDUERQV� UHVSHFWLYHO\�
7KH FRQVHUYHG FDUERQ�FKORULQH LQWHUDFWLRQ SRWHQWLDO LV

JLYHQ E\
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)LJXUH �� 2SWLPL]HG VWUXFWXUHV RI ����GLFKORURHWK\OHQH DW WKH
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7KH SRWHQWLDO WHUP EHWZHHQ WKH FDUERQ DQG GHSDUWLQJ K\GUR�
JHQ LV

&�� &�� &�� ����

ZKHUH

����

����

7KLV WHUP LV DWWHQXDWHG E\
UHSUHVHQWLQJ WKH LQWHUDFWLRQV EHWZHHQ WKH &� DQG

&�ZKRVH GLVWDQFH EHFRPHV VKRUWHU� +� DQG &O� DSSURDFKLQJ�
DQG +� DQG +� SXVKLQJ DZD\ HDFK RWKHU DV WKH UHDFWLRQ SUR�
FHHGV�
$OVR� LV WKH FDUERQ�FKORULQH LQWHUDFWLRQ WHUP

WDNHQ DV

����

ZKHUH

����

����

7KH +�&O ERQG IRUPLQJ LQWHUDFWLRQ WHUP LV JLYHQ E\

����

ZKHUH

����

7KH IXQFWLRQ LV DWWHQXDWHG E\ WKH ERQG EUHDNLQJ FDUERQ�
K\GURJHQ� FDUERQ�FKORULQH LQWHUDFWLRQV�
$OO WKH EHQGLQJ SRWHQWLDOV KDYH WKH TXDGUDWLF IRUP JLYHQ

E\

����

ZKHUH

����

����

ZLWK

����

����

,Q ���������� 5M DQG 5N DUH WKH WZR LQWHUDWRPLF GLVWDQFHV
GHILQLQJ WKH DQJOH θL ZKLOH DQG DUH WKH FRUUHVSRQGLQJ
HTXLOLEULXP ERQG GLVWDQFHV� DQG DUH WKH HTXLOLEULXP
DQJOHV� (T� ���� DWWHQXDWHV WKH EHQGLQJ IRUFH FRQVWDQW DV WKH
UHDFWLRQ SURFHHGV�
7KH DOSKD EHQGLQJ IXQFWLRQ LV XVHG IRU WKH ZDJJLQJ SRWHQ�

WLDOV WDNHQ DV

����

����

����

7KH WRUVLRQDO SRWHQWLDO LV JLYHQ E\

����

����

����

ZKHUH LV WKH WRUVLRQDO EDUULHU KHLJKW DQG φ LV WKH GLKHGUDO
DQJOH ZLWK φ  � IRU WKH SODQDU FRQIRUPDWLRQ�
(T� ��� FRQWDLQV �� DGMXVWDEOH SDUDPHWHUV� �� RI ZKLFK DUH

WKH HTXLOLEULXP ZHOO�GHSWK� FXUYDWXUH DQG ERQG GLVWDQFH
SDUDPHWHUV IRU WKH VL[ SRVVLEOH GLDWRPLF SDLUV� )RU WKH ZHOO
GHSWK� FXUYDWXUH DQG HTXLOLEULXP ERQG OHQJWK RI +&O� YDOXHV
IURP UHI� �� ZHUH XVHG ZKLOH IRU RWKHU ERQG OHQJWK SDUDPH�
WHUV� WKH DE LQLWLR UHVXOWV ZHUH XVHG� ,Q RUGHU WR ILW WKH UHDF�
WLRQ HQGRWKHUPLFLW\ DQG WKH YLEUDWLRQDO IUHTXHQFLHV RI WKH
UHDFWDQW DQG SURGXFWV WR WKH REVHUYHG YDOXHV� WKH HTXLOLEULXP
ZHOO GHSWK DQG FXUYDWXUH SDUDPHWHUV ZHUH DGMXVWHG� 7KH
SDUDPHWHUV GHWHUPLQHG DUH OLVWHG LQ 7DEOH �� 7KH HTXLOLEULXP
ERQG DQJOHV RI WKH DE LQLWLR UHVXOWV ZHUH XVHG IRU WKH EHQGLQJ
LQWHUDFWLRQV DQG LQ RUGHU WR ILW WKH YLEUDWLRQDO IUHTXHQFLHV�
WKH EHQGLQJ IRUFH FRQVWDQWV ZHUH DGMXVWHG� 7KH VZLWFKLQJ
IXQFWLRQV DIIHFW WKH UDWH RI FKDQJH RI SDUDPHWHUV IURP WKH
UHDFWDQW WR WKH SURGXFWV� 7KH DWWHQXDWLQJ IXQFWLRQV DIIHFW WKH
HQHUJ\ DQG VWUXFWXUH RI WKH WUDQVLWLRQ VWDWH DQG WKH YDULDWLRQ
RI WKH LQWHUQDO FRRUGLQDWHV DORQJ WKH UHDFWLRQ SDWK� 7R GHWHU�
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$QDO\WLFDO 3RWHQWLDO (QHUJ\ 6XUIDFHV IRU WKH )RXU�FHQWHU (OLPLQDWLRQ %XOO� .RUHDQ &KHP� 6RF� ����� 9RO� ��� 1R� � ���

PLQH WKHVH SDUDPHWHUV� WKH ERQGLQJ DQG WKH EHQGLQJ LQWHUDF�
WLRQV ZHUH VHSDUDWHG IURP WKH SRWHQWLDO WHUPV� 7KH SDUD�
PHWHUV RI WKH ERQGLQJ LQWHUDFWLRQ ZHUH ILWWHG E\ WKH LQWHUQDO
FRRUGLQDWH YDULDWLRQV RQ ,5& IURP WKH DE LQLWLR FDOFXODWLRQ
DQG WKH DQDO\WLFDO SRWHQWLDO VXUIDFH� 7KH SDUDPHWHUV RI WKH
EHQGLQJ LQWHUDFWLRQV ZHUH VHSDUDWHG LQWR WKH ORFDO PRGHV RI
�&+� DQG �&&O� DQG ZHUH ILWWHG E\ WKH LQWHUQDO FRRUGLQDWH
YDULDWLRQV RI WKH DQDO\WLFDO SRWHQWLDO IXQFWLRQV� )RU WKH RWKHU
ORFDO PRGHV FROOHFWHG E\ WKH ZDJJLQJ WHUPV DQG WKH WRU�
VLRQDO WHUPV� WKH SDUDPHWHUV ZHUH DGMXVWHG WR UHSURGXFH WKH
YLEUDWLRQDO IUHTXHQFLHV� $IWHU ILWWLQJ HDFK ORFDO PRGH� FRQ�
FHUQLQJ WKH ERQG IRUPLQJ DQG ERQG EUHDNLQJ� WKHVH SDUDPH�
WHUV ZHUH DGMXVWHG XQWLO WKH UHVXOWV IURP ,5& RI WKH DQDO\WLFDO
SRWHQWLDO HQHUJ\ VXUIDFH ZDV LQ JRRG TXDOLWDWLYH DJUHHPHQW
ZLWK ,5& RI WKH DE LQLWLR FDOFXODWLRQ� 7KH SDUDPHWHUV WKXV
REWDLQHG DUH OLVWHG LQ 7DEOH �� �� �� UHVSHFWLYHO\� 7KH WUDQVL�
WLRQ VWDWH VWUXFWXUH ZDV GHWHUPLQHG E\ WKH DQDO\WLFDO SRWHQ�
WLDO HQHUJ\ VXUIDFH XVLQJ WKH VWDQGDUG PHWKRG LQ WKH
*$0(66 SDFNDJH� ,5& IURP WKH DQDO\WLFDO SRWHQWLDO HQHUJ\
VXUIDFH ZDV FDOFXODWHG XVLQJ WKH FRQVWUDLQHG RSWLPL]DWLRQ
PHWKRG GHYHORSHG E\ *RQ]DOH] DQG 6FKOHJHO� 7KLV LV WKH
VDPH PHWKRG XVHG WR REWDLQ ,5& IURP WKH DE LQLWLR FDOFXOD�
WLRQ� $OVR� WKH VDPH FRQGLWLRQV IRU FRQYHUJHQFH ZHUH XVHG LQ
WKH FDOFXODWLRQ�

&ODVVLFDO 7UDMHFWRULHV� 7KH FODVVLFDO +DPLOWRQLDQ XVHG LQ
WKH WUDMHFWRU\ FDOFXODWLRQ ZDV ZULWWHQ LQ WHUPV RI WKH DEVROXWH
&DUWHVLDQ FRRUGLQDWHV���� ,Q XQLPROHFXODU UHDFWLRQV� LW LV QHFH�
VVDU\ WR VDPSOH KLJK HQHUJ\ VWDWHV RI WKH PROHFXOHV ZKHUH
WKH V\VWHP LV VWURQJO\ FRXSOHG� 7KH LQLWLDO VDPSOLQJ UHTXLUHV
WR VDPSOH WKH LQLWLDO &DUWHVLDQ FRRUGLQDWHV DQG PRPHQWD�
+RZHYHU� D ODUJH QXPEHU RI GHJUHHV RI IUHHGRP RI WKH UHDF�
WDQW PROHFXOH PDNHV LW GLIILFXOW WR VWXG\ WKH XQLPROHFXODU
UHDFWLRQV� +HQFH� LW LV DVVXPHG WKDW DOO WKH FODVVLFDO WUDMHFWR�
ULHV WKDW OHDG WR WKH HOLPLQDWLRQ RI SURGXFWV IURP WKH UHDFWDQW
VKRXOG SDVV WKURXJK WKH VDGGOH SRLQW� 7KXV� DQ RUWKDQW�OLNH
VDPSOLQJ ZDV FDUULHG RXW DW WKH WUDQVLWLRQ VWDWH VWUXFWXUH WR
UDQGRPO\ VHOHFW WKH LQLWLDO PRPHQWD RI WKH WUDMHFWRULHV�� 7R
FRQVHUYH WKH WRWDO HQHUJ\ RI WKH V\VWHP� WKH LQLWLDO PRPHQWD
ZHUH VFDOHG WR WKH DYDLODEOH NLQHWLF HQHUJ\ 7� (−976��
ZKHUH ( LV WKH VXP RI WKH LQLWLDO URYLEUDWLRQDO HQHUJ\ RI WKH
UHDFWDQW DQG 976 LV WKH SRWHQWLDO HQHUJ\ DW WKH WUDQVLWLRQ VWDWH�
7KH LQLWLDO URWDWLRQDO HQHUJ\ ZDV VDPSOHG IURP WKHUPDO GLV�
WULEXWLRQ DW ��� . IRU D V\PPHWULF WRS IROORZLQJ +DVH�����

,QWHJUDWLRQ RI WKH FODVVLFDO HTXDWLRQ RI PRWLRQ ZDV GRQH
ZLWK WKH *HDU©V DOJRULWKP ZLWK DQ LQWHUPHGLDWH LQWHUYDO RI
��� Ó ��−�� VHF�� 7KH ���� WUDMHFWRULHV ZHUH FDOFXODWHG DW WKH
LQLWLDO YLEUDWLRQDO HQHUJ\ RI ������ NFDO�PRO �HTXLYDOHQW WR
WKH SKRWRQ HQHUJ\ DW ��� QP�� 6WDUWLQJ IURP WKH VHOHFWHG LQL�
WLDO VWDWHV� WKH WUDMHFWRULHV ZHUH LQWHJUDWHG XQWLO WKH FRPSOH[
ZDV PDGH �ZKHQ WKH WZR IUDJPHQWV ZHUH � c DSDUW� RU XQWLO
WKH XSSHU OLPLW RI � SV LQ WLPH ZDV H[FHHGHG� 7KH OHQJWK RI
WKH K\GURJHQ ERQG LQ WKH FRPSOH[ LV ���� c� ZKLFK LV JUHDWHU
WKDQ WKH GLVWDQFH ZKHUH +&O WUDYHOV GXULQJ WKH WLPH RI
LVRPHUL]DWLRQ RI YLQ\OLGHQH�� 7KH UHVXOWV RI WKH LQWHJUDWLRQ
ZHUH FKHFNHG DW DQ LQWHUYDO RI ��� Ó ��−�� VHF� 7KH HQHUJ\
FRQVHUYDWLRQ _ ∆( _ � ( ZDV a� Ó ��−� DW ������ NFDO�PRO
DIWHU FRPSOHWLRQ RI WKH LQWHJUDWLRQ GXULQJ � SV� ZKLFK ZDV
WKH PD[LPXP LQWHJUDWLRQ WLPH XVHG LQ WKLV VWXG\� )URP WKH
WUDMHFWRU\ UHVXOWV� WKH UHODWLYH WUDQVODWLRQDO HQHUJ\ ZDV FDOFX�
ODWHG DFFRUGLQJ WR WKH PHWKRG LQ WKH 0(5&85< SURJUDP
GHYHORSHG E\ +DVH DQG FR�ZRUNHUV���

5HVXOWV DQG 'LVFXVVLRQ

7KH SRWHQWLDO HQHUJLHV IURP WKH DE LQLWLR FDOFXODWLRQV DQG

7DEOH �� %HQGLQJ SRWHQWLDO SDUDPHWHUV
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IURP WKH DQDO\WLFDO SRWHQWLDO VXUIDFH DUH VXPPDUL]HG LQ
7DEOH �� 7KH HQGRWKHUPLFLW\ LV LQ JRRG DJUHHPHQW ZLWK WKH
H[SHULPHQWDO HQWKDOS\ DW ���.� ���� � ���� NFDO�PRO�� 7KH
ODUJH XQFHUWDLQW\ LQ WKH H[SHULPHQWDO GDWD FRPHV IURP WKH
ODUJH XQFHUWDLQW\ LQ WKH HQWKDOS\ RI IRUPDWLRQ RI FKORUR� DQG
GLFKORURDFHWK\OHQH�
7KH VWUXFWXUHV DQG YLEUDWLRQDO IUHTXHQFLHV RI RSWLPL]HG

JHRPHWULHV LQ WKH UHDFWLRQ RI ����'&( IURP WKH DQDO\WLFDO
SRWHQWLDO VXUIDFH ZHUH VXPPDUL]HG LQ 7DEOH �� � DQG �� 7KH
VWUXFWXUH RI WKH WUDQVLWLRQ VWDWH REWDLQHG E\ WKH DQDO\WLFDO
SRWHQWLDO VXUIDFH LV VKRZQ LQ )LJXUH ��D�� 7KH α�β RU IRXU�
FHQWHU +&O HOLPLQDWLRQ UHDFWLRQ WDNHV SODFH WKURXJK SODQDU
WUDQVLWLRQ VWDWH VKRZQ LQ )LJXUH �� ,Q WKH LQLWLDO VWDJH RI WKH
UHDFWLRQ� WKH GHSDUWLQJ &O DWRP WUDYHOV WRZDUG WKH FLV�+
DWRP DQG UHDFKHV WKH WUDQVLWLRQ VWDWH� 7KH WUDQVLWLRQ VWDWHV
IURP WKH DE LQLWLR FDOFXODWLRQV DQG IURP WKH DQDO\WLFDO SRWHQ�
WLDO HQHUJ\ VXUIDFH DUH YHU\ VLPLODU� 7KH UHDFWLQJ &�&O ERQG
LV DOUHDG\ YHU\ VWUHWFKHG DQG LV YLUWXDOO\ EURNHQ� 7KH UHDFW�
LQJ &�+ ERQG LV RQO\ VOLJKW\ VWUHWFKHG DQG WKH +&O ERQG LV
VWLOO VXEVWDQWLDOO\ ORQJHU WKDQ WKDW LQ WKH IUHH +&O PROHFXOH�
7KH &�+ ERQG EUHDNLQJ DQG WKH +�&O ERQG IRUPDWLRQ WDNH
SODFH DIWHU WKH WUDQVLWLRQ VWDWH� 7KLV +&O HOLPLQDWLRQ WDNHV
SODFH PDLQWDLQLQJ WKH JOREDO &V V\PPHWU\� )LJXUH � VKRZV
,5& RI WKH UHDFWLRQ FDOFXODWHG IURP WKH DE LQLWLR FDOFXODWLRQ
DQG IURP WKH DQDO\WLFDO SRWHQWLDO HQHUJ\ VXUIDFH� 7KH RYHUDOO
VKDSH RI ,5& RI WKH DQDO\WLFDO SRWHQWLDO VXUIDFH LV LQ JRRG
DJUHHPHQW ZLWK WKH RQH IURP WKH DE LQLWLR FDOFXODWLRQV�
$V FDQ EH VHHQ LQ WKH WDEOHV� WKH YLEUDWLRQDO IUHTXHQFLHV

DQG VWUXFWXUDO SDUDPHWHUV RI WKH VSHFLHV FDOFXODWHG E\ WKH DE
LQLWLR DQG DQDO\WLFDO SRWHQWLDO VXUIDFHV DUH LQ JRRG TXDOLWDWLYH
DJUHHPHQW ZKLOH WKH HQHUJ\� WKDW LV WKH EDUULHU KHLJKW DQG WKH
VWUXFWXUH RI WKH WUDQVLWLRQ VWDWH DUH VRPHZKDW GLIIHUHQW� 6SH�
FLILFDOO\� WKH GHSDUWLQJ + DWRP LV FORVHU WR WKH GHSDUWLQJ &O
DWRP LQ WKH WUDQVLWLRQ VWDWH FDOFXODWHG IURP WKH DE LQLWLR VXU�
IDFH� +RZHYHU� DV PHQWLRQHG DERYH� WKH RYHUDOO PHFKDQLVP
RI WKH UHDFWLRQ UHYHDOHG E\ WKH WZR VXUIDFHV LV H[DFWO\ WKH
VDPH� 7KH RQO\ UHIHUHQFHV IRU WKH SDUDPHWHU ILWWLQJ ZHUH WKH
UHDFWLRQ HQGRWKHUPLFLW\� YLEUDWLRQDO IUHTXHQFLHV DQG HTXLOLE�
ULXP VWUXFWXUHV RI WKH UHDFWDQW DQG SURGXFWV� &RQFHUQLQJ WKH
QXPEHU RI SDUDPHWHUV WR EH GHWHUPLQHG� WKH FDOFXODWHG ,5&
IURP WKH DQDO\WLFDO VXUIDFH VKRZV WKH VLPLODU VKDSH WR WKH
RQH IURP WKH DE LQLWLR VXUIDFH� DOWKRXJK QRW TXDQWLWDWLYHO\
WKH VDPH�
���� WUDMHFWRULHV ZHUH FDOFXODWHG DW WKH HQHUJ\ RI ������

NFDO�PRO DQG ����� RI WKHVH ZHUH UHDFWLYH� 7KH DYHUDJH
WUDQVODWLRQDO HQHUJ\ RI WKH UHODWLYH PRWLRQ HYDOXDWHG IURP
WKH WUDMHFWRULHV ZDV ������ NFDO�PRO ZKLOH ����� NFDO�PRO
ZDV PHDVXUHG IURP WKH H[SHULPHQW�� 7KH WUDQVODWLRQDO

HQHUJ\ GLVWULEXWLRQ RI WKH UHODWLYH PRWLRQ LV VKRZQ LQ )LJXUH
�� 1RW RQO\ WKH DYHUDJH EXW DOVR WKH RYHUDOO VKDSH RI WKH UHOD�
WLYH WUDQVODWLRQDO HQHUJ\ GLVWULEXWLRQ REWDLQHG E\ WKH FODVVL�
FDO WUDMHFWRU\ FDOFXODWLRQ RQ WKH DQDO\WLFDO SRWHQWLDO VXUIDFH
LV LQ H[FHOOHQW DJUHHPHQW ZLWK WKH H[SHULPHQWDO UHVXOW� 6LQFH
WKH SURGXFW WUDQVODWLRQDO HQHUJ\ LV GHWHUPLQHG E\ WKH WUDQVL�
WLRQ VWDWH DQG WKH H[LW FKDQQHO EDUULHU� WKH DQDO\WLFDO SRWHQWLDO
HQHUJ\ VXUIDFH ZHOO H[SODLQV WKH RYHUDOO VKDSH RI WKH SRWHQ�
WLDO VXUIDFHV DORQJ WKH UHDFWLRQ FRRUGLQDWH LQ WKH H[LW FKDQ�
QHO�

)LJXUH �� 3RWHQWLDO HQHUJLHV DORQJ WKH PLQLPXP HQHUJ\ SDWK IRU
α�β +&O HOLPLQDWLRQ UHDFWLRQ IURP ����GLFKORURHWK\OHQH REWDLQHG
E\ �D� WKH DE LQLWLR FDOFXODWLRQV DQG �E� WKH DQDO\WLFDO SRWHQWLDO
IXQFWLRQV�

)LJXUH �� 7UDQVODWLRQDO HQHUJ\ GLVWULEXWLRQ RI +&O IURP α�β
HOLPLQDWLRQ UHDFWLRQ RI ����GLFKORURHWK\OHQH FDOFXODWHG E\ FODVVLFDO
WUDMHFWRU\ FDOFXODWLRQV RQ WKH FRQVWUXFWHG DQDO\WLFDO SRWHQWLDO
HQHUJ\ VXUIDFHV� 7KH GRWV UHSUHVHQW WKH H[SHULPHQWDOO\ PHDVXUHG
GLVWULEXWLRQ IURP UHI� ��

7DEOH �� (QHUJLHV LQ NFDO�PRO IURP WKH DE LQLWLR FDOFXODWLRQV DQG
IURP WKH DQDO\WLFDO SRWHQWLDO VXUIDFH

DE LQLWLR FDOFXDOWLRQ
$QDO\WLFDO SRWHQWLDO

VXUIDFH

EDUULHU KHLJKW ����� �����

HQGRWKHUPLFLW\ ����� �����

UHYHUVH EDUULHU KHLJKW ����� �����
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*RUGRQ HW DO�� KDYH IRXQG WKDW WKH HOLPLQDWLRQ RI +&O IURP
G��YLQ\O FKORULGH E\ D SKRWRQ DEVRUSWLRQ IROORZHG E\ LQWHU�
QDO FRQYHUVLRQ RFFXUV E\ α�α DQG α�β�HOLPLQDWLRQ ZLWK WKH
SUREDELOLWLHV RI ���� DQG ����� UHVSHFWLYHO\� )RU WKH REVHUYHG
VDPH URWDWLRQDO GLVWULEXWLRQV RI WKH SURGXFWV IURP WKH α�α
DQG α�β PHFKDQLVPV� WKH\ SURSRVHG WKDW WKH URWDWLRQDO GLVWUL�
EXWLRQ LV QRW GHWHUPLQHG XQWLO ODWH LQ WKH UHDFWLRQ SDWK� ,Q WKLV
FDVH� WKH ILQDO GLVWULEXWLRQ LV LQVHQVLWLYH WR WKH WUDQVLWLRQ
VWDWH� ,Q DGGLWLRQ� WKH\ KDYH IRXQG WKDW WKH GLIIHUHQFH
EHWZHHQ WKH URWDWLRQDO GLVWULEXWLRQV LQ υ �  � DQG υ � ! � LV
WKH VDPH IRU ERWK WKH α�α DQG α�β HOLPLQDWLRQ� 7KH\ SUR�
SRVHG WKDW WKLV GLFKRWRP\ PD\ DOVR EH GHWHUPLQHG ODWH LQ WKH
UHDFWLRQ �H[LW FKDQQHO HIIHFW�� 6XFK D SURFHVV LV VXJJHVWLYH RI
IRUPDWLRQ RI D 7�VKDSHG +&O�&�+� π FRPSOH[ LQ WKH SURGXFW
UHJLRQ� ZKLFK ZDV VXJJHVWHG E\ 0RURNXPD HW DO� LQ WKHLU DE
LQLWLR FDOFXODWLRQV�� $ YLEUDWLRQDOO\ H[FLWHG +&O �υ � ! ��
PRYHV PRUH VORZO\ DQG WKHUHIRUH� KDV D ODUJHU FDSWXUH FURVV
VHFWLRQ E\ WKH VLEOLQJ DFHW\OHQH SURGXFW WKDQ +&O �υ �  ���
FRQFHUQLQJ WKH VDPH WRWDO DYDLODEOH HQHUJ\� 7KXV� WKH +&O LQ
υ � ! � KDV KLJKHU SUREDELOLW\ LQ IRUPLQJ WKH FRPSOH[ ZKLOH
WKH +&O LQ υ �  � LV PDLQO\ IRUPHG E\ WKH GLUHFW HOLPLQDWLRQ
IURP WKH FKORURHWK\OHQH� 2QFH IRUPLQJ WKH FRPSOH[� WKH
VXEVHTXHQW GHFRPSRVLWLRQ VKRXOG SURGXFH D %ROW]PDQQ�OLNH
URWDWLRQDO GLVWULEXWLRQ� DV FRQWUDVWHG E\ D QRQ�%ROW]PDQQ
GLVWULEXWLRQ UHVXOWLQJ IURP GLUHFW �FRQFHUWHG� HOLPLQDWLRQ RI
+&O �υ �  ��� 6R WKH URWDWLRQDO GLVWULEXWLRQ RI +&O LQ υ �  �
ZRXOG KDYH FRQWULEXWLRQV IURP ERWK WKH GLUHFW DQG FRPSOH[
PHFKDQLVPV� *RUGRQ HW DO� SURSRVHG WKDW WKH URWDWLRQDO GLV�
WULEXWLRQ RI +&O LV GHWHUPLQHG E\ WKH DUHD RI WKH SRWHQWLDO
HQHUJ\ VXUIDFH LQ WKH H[LW FKDQQHO�� +RZHYHU� RXU WUDMHFWRU\
FDOFXODWLRQV RQ WKH FRQVWUXFWHG DQDO\WLFDO SRWHQWLDO HQHUJ\
VXUIDFH ZDV SXUHO\ FODVVLFDO� 7KXV� WKH SDUWLWLRQLQJ RI WKH
DYDLODEOH HQHUJ\ LQWR SURGXFW LQWHUQDO GHJUHHV RI IUHHGRP
UHTXLUHV PRUH HODERUDWH VHPL�FODVVLFDO RU TXDQWDO FDOFXOD�
WLRQV� 0RUHRYHU� D ZHOO E\ IRUPDWLRQ RI WKH FRPSOH[ LQ WKH
H[LW FKDQQHO FRXOG QRW EH FRQVLGHUHG LQ WKH FRQVWUXFWHG VXU�
IDFH EHFDXVH VXFK D ZHOO ZDV QRW GHWHFWHG HYHQ E\ WKH DE LQL�
WLR WKH FDOFXODWLRQV� 7KHUH VKRXOG EH VRPHKRZ PHDQV RI
WUHDWLQJ WKH VPDOO DWWUDFWLYH LQWHUDFWLRQV LQ WKH H[LW FKDQQHO LQ

SHUIRUPLQJ WKH FDOFXODWLRQV� ,Q WKLV VHQVH� WKH FRQVWUXFWHG
DQDO\WLFDO SRWHQWLDO HQHUJ\ VXUIDFH KDV WR EH PRGLILHG LQ WKH
SURGXFW UHJLRQ� ZKLFK QHHGV PRUH VWXG\ LQ WKH IXWXUH�
$FNQRZOHGJPHQW� 7KLV ZRUN ZDV ILQDQFLDOO\ VXSSRUWHG

E\ WKH QRQ GLUHFWHG IXQG IURP .DQJZRQ 1DWLRQDO 8QLYHUVLW\
LQ &KXQFKHRQ� .RUHD�
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