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Kawasaki! has studied the diffusion constant of spins in
ferromagnets or molecules in binary mixtures near the critical
point with the aid of the terminology of the spin system.
His model is a time-dependent Ising model in which spin
interactions are replaced by certain temperature-dependent
transition probabilities of spin exchange. The transition
probability of spin exchange is so chosen as to give the same
equilibrium spin distribution function as conventional Ising
system. In this respect, his model is quite similar to Glauber’s,
but is different from his in that the total spins are conserved
at each transition. Achiam and Kosterlitz2 have proposed
a real-space renormalization group (RG) technique to treat
dynamic critical phenomena in two—dimensional Ising model,
which is just the extension of the real-space static RG method
developed by Niemeijer and van Leeuwen3 and Kadanoff
and Houghton®. Their model is that proposed by Glauber
in which only one spin flips independently at a time from
one state to another according to the prescribed transition
probability. In this letter, we extend the RG method in real-
space to Kawasaki’s Ising model with two spin exchange.
Then, we obtain a dynamic exponent for energy fluctuations.

The system we shall consider is a homogeneous two—dim-
emsional Ising system. Let us apply a weak external force
to the system at equilibrium. Then, the system will relax
towards the equilibrium through an interaction with a heat
reservoir. It is assumed that only two spins exchange at a
time during the relaxation. The probability P(s;, o3, {o} js
t) for the spin-exchange on which the pair of spins g; and g,
on the sites j and k exchanges each other may be described as

T-g?P(O'j, O {O}jkv t)

=— (;I) (A=p2) Wi(o;, o4, {0} ;) Ploj, 04 {0} 2)
:—L(G)P(O'j) O, {o.}jk: t): (1)

where ¢ is the bare relaxation time, p; the operator to ex-
Wii(o;, o4 {o};) the transition
probability in which the pair of ¢; and ¢, exchanges each
other and {o} ;; denotes the set of spins except ¢; and ;.

change ¢; and oy,

It should be noted that the time-displacement operator,
L, is Hermitian. As t-co, P, (0;, op
the condition of detailed balance

{o} ;1) satisfies

Wir(ej, o4 {0} 1) Pogloj, on {6} )
=Wilow 65, lo}) Pylow, o5 o} )

One may choose any specific form of the transition probability
which obeys the above condition. We take the similar form
of the transition probability used by Achiam and Kosterlitz
instead of Kawasaki

Wi(ej, op {0} )
={Po(os, 0jy {0};0) | Poy(aj, 04, {0} )}V - exp(Hj) (3)

where Hj; is the Hamiltonian due to the products of 0;
and ¢;.

It can be seen that Wy (o;, 63, {6} 1) Py(oj o {o}jn)

is independent of the spins ¢; and g;,. The equilibrium

probability distribution can be described as

P, (0j, on {o};)=exp{—H(0)}/Z;
H(O') :Kz G.rn—; Umﬂ"'*l"K;g"g Oy A 4

where (n.n.) and (n.n.n.) mean the nearest neighborhood
and the next nearest neighborhood, respectively, and the
coupling constants K, and K are related with the true coupl-
ing constants J, and J; by Kpo=Jo/kgT and K3=J3/kpT.
The probability distribution at time ¢ can be parameterized
by a time-dependent Hamiltonian through the coupling
constants and the partition function at t can be replaced by
the equilibrium partition function within the linear response.
Applying the RG transformation matrix, 7T(y, ¢), used in
the static case by Niemeijer and van Lecuwen3 and Kadanoff
and Houghton! to the probability distribution at ¢, we obtain
the new distribution for the new set of spin variable p(==+1)
on a lattice with a lattice constant larger by a scaling factor of /

P (u,t)=exp{—H'(u,0)}/Z
:g T(g,0) P(o,2);
H' (12, 8) =K5' (8) %ﬂa#ﬁ"‘Ka' @) (Z; tottate,  (5)



192 The Critical Dynamics for the Two-Dimensional Two-Spin Exchange Ising Model

where K,' (f) and Ky (¢) are the time-dependent coupling
constants between the nearest neighboring and the next
nearest neighboring lattice spins, respectively, and the form
of the matrix is given as3*

T(e, 0) =1 Te(e, o) =T11/2(1+ pata(0)) . 6
From eq. (5) the renormalized equation can be obtained

K O)=R{K®)]. 7

Now, let us expand P(g;, 0y, {0} 4, #) near the equilib-
rium as follows

P(0;,04 {0} 4. £) | Pog (6, 04 {0} 1) =1+ 0(0) - R (8)

=1+ 35 (Ba(t, 9)0u+E, (¢, )0}, ®
where
Ep(t,0) =hs(6) 3 op+hs(0) (x:),, e ©)

Substituting eq. (8) into eq. (1), using the condition of detailed
balance and applying the RG transformation matrix to the
result, we obtain

120 (W AE@)=—L @0 (0-QF®,  (10)

The matrix A is just the same as that defined in the static
case>* and () does not, in general, commute with A. Let
Ar and @ be the largest relevant eigenvalues of A4 and (),
respectively. Then, we may rewrite eq. (10) as

v =0 (1) E@}=—L ()0 () -k (@), an

where the renormalized relaxation time defined as

o' = (Ar/w)T=1. (12)

Here, z is a dynamic exponent defined as 7' oc&?, & being the
correlation length,

In order to calculate the dynamic exponent z, let us sub-
stitute eq. (7) into eq. (1) and use the condition of detailed
balance. Then, eq. (1) may be written as

22 P, o w0 =— 5 Waloy o (o))
Py(o; o {0} a)ojexp2E;(a, 4, a3

where use has been made of the fact that ¢,=--g; and
Ey(o, t)=—E;(o, t) only contribute to the spin exchange
and the unimportant static part has been neglected. Now,
let us assume that the two spins in S lattice exchange each
other. The total Hamiltonian can be separated into four
parts, that is, the Hamiltonian in the 3 lattice, Hyg, the sum
of the other lattices, ﬁz H,,, the interaction between the

site spins in the § lattice and another lattice, ¥, and the
interaction between the site spins in the different lattices
except the f lattice, V’. Then, we may write

Wis(a;, 04, {0} 1) Peq (05, 04, {0} 1)
= ﬂﬁP,_,q“(a) P, b (g)exp{ViP +V'}, (14)
a¥

where the superscript in P.#%® and V%% means that

the probability distribution and the interaction are indepen-

dent of ¢; and ¢, Assuming that the interaction between
the site spins in the different lattices is the perturbed term
as in the static case, substituting eq. (14) into eq. (13) and then
applying the RG transformation matrix to the result, we
obtain

T'_‘Pl (.u: t) —_'Z : 1-[ Tatﬂpeqa(a)Peqﬂ(]h (‘7)

i o=+l a#p

paexp{Ve + V' +2E; (o, 0}, (15)

where the superscript prime in the summation denotes that
g; and g; have been omitted and the new RG transforma-
tion matrix for the 8 lattice is defined as

fg= |g} 1/205tp(y, o). (16)

Defining the partition functionals in « lattice and 8 lattice as

Z(]a: : Ta(.u, G)Peq a(a)’
0P = Z I5(1t, 0) peg PP (0), amn

=11l

eq. (15) may be rewritten as

T g—[ P, 8) =~ 2 ppZoa™ ™" Zog P
Lexp{V'+ V9P +2E;(a, 1)} >, as)

where N is the number of lattices and the.zeroth order average
of a physical quantity, 4, over site spins is defined as

<A>0‘ Zﬂ:} ]1 Tatﬁ eqa (0) Peqﬂ(Jk) (0) A/ZOaN ! ZO,B(]D
19

We may write the new probability distribution of the lattice
spins as

T—P’ (, ) =—1sW' s(1) Pog (1) exp{E’ (&, 1)} 5
E (1) =H2(0) St Hs® St Q)

From the result in the static case 4 W e(wPy () =
ZoaN<exp(V') >, and using the cumulant approximation,
E’ (g, t) has the following relation with E (0,¢) within the
linear response

E' (1,1 ’—"Zj: {2Z059% | Z 4o} (<E (0,8) >0+ < (Vg
+V)E (0,8)>0— < (V9P + V') >o<E (0,8) >0
+1/2{<(Vg® + V') E (s, )>0
— (V98 + V') 2> <Ea, ) > ). 1)

From the above relation we may calculate the eigenvalue of
Q explicitly with the aid of a specific lattice. To obtain z
we have taken the triangular lattice with seven spins and the
matrix as t,(¢) =tanh (s é‘_af"), s being a parameter.
It is obvious that the criticz'xljexponents do not depend on
the parameter. We shall take the limit s—oo. In actual calcula-
tion the nearest interaction between spins has been con-
sidereds. The detailed calculation is so complicated that
we write down the result in this letter. The characteristic
time exponent for the energy fluctuations, z, is about 1.98,
taking the terms up to the second order cumulant approxi-
mation. Kawasaki! has obtained the critical exponent for
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the spin relaxation time, 4~ 2.00 for square lattice. Sch-
neider® has shown that the critical exponent for the spin
relaxation time is the same as that of the energy relaxation
time, using the two-dimensional one-spin-flip Ising model.
His theory holds for the two-spin exchange model, since
the time-displacement operator, L, is also Hermitian. The
critical exponent for the energy relaxation time, 4, is related
with z through 4=vz, v being the critical exponent for the
correlation length. Taking v=1 for the two-dimensional
Ising model, the present result is in an excellent agrcement
with Kawasaki’s.
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