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6FKRRO RI &KHPLVWU\ DQG &KHPLFDO (QJLQHHULQJ� $QKXL 8QLYHUVLW\� +HIHL� ������� 3� 5� &KLQD

5HFHLYHG 0D\ ��� ����

7KH UHDFWLRQ EHWZHHQ VLOYHU �,� DQG WKLRPLFKHU©V NHWRQH �70.� ZDV VHQVLWLYH DW S+ � DQG � LQ WKH SUHVHQFH RI

QRQ�LRQLF RU DQLRQ VXUIDFWDQW� :H VWXGLHG WKH FRPSOH[ VROXWLRQ DQG GHWHUPLQHG WKH SURSHUWLHV E\ EHWD�FRUUHF�

WLRQ VSHFWURSKRWRPHWU\� ZKLFK LQFOXGHG WKH FRPSOH[ UDWLR DQG WKH VWDELOLW\ FRQVWDQW RI WKH FRPSOH[� 7KH UHVXOWV

VKRZHG WKDW FRPSOH[ $J�70.� ZDV IRUPHG LQ WKH SUHVHQFH RI DON\OSKHQG HWKR[\ODWHV �HPXOVLILHU 23� DQG

$J�70.��ZDV IRUPHG LQ WKH SUHVHQFH RI VRGLXP GRGHF\O EHQ]HQH VXOIRQDWH �6'%6�� 7KHLU UHDO DEVRUSWLYLWLHV

DUH DV IROORZV� ε$J�70.�
��� ���� × ���� ε$J�70.��

��� ���� × ��� /PRO−�FP−� ERWK DW S+ � DQG ε$J�70.��
���

 ���� × ��� OPRO−�FP−� DW S+ �� 7KH VWDELOLW\ FRQVWDQW RI FRPSOH[ $J�70.� ZDV HTXDO WR ���� × ��� DW S+ ��

DQG WKDW RI $J�70.������ × ��� DW S+ � DQG ���� × ���� DW S+ ��

,QWURGXFWLRQ

6LOYHU LV RQH RI WKH SUHFLRXV PHWDO HOHPHQWV� ,W FDQ UHDFW

ZLWK PDQ\ FKURPRJHQLF DJHQWV RU OLJDQGV VXFK DV D]R FRP�

SRXQGV���� DFLGLF DQG EDVLF G\HV���� SRUSK\ULQ FRPSRXQGV��

HWF� 6RPH RI WKHP DUH XVHG WR GHWHUPLQH��� WUDFH DPRXQWV RI

VLOYHU LQ JHRORJLFDO� ZDVWHZDWHU DQG PHWDO PDWHULDOV� 7KH

OLJDQG� WKLRPLFKHUV NHWRQH �70.� LV RQH RI WKH VXOIRG\HV�

DQG LW LV VHQVLWLYH WR FRPSOH[ VLOYHU �,�� ,W KDV EHHQ XVHG WR

GHWHUPLQH WUDFH VLOYHU LQ PLQLQJ�� 7KLV UHSRUW GHVFULEHV WKH

XSGDWHG GHWHUPLQDWLRQ RI WKH SURSHUWLHV RI $J�70. FRP�

SOH[ VROXWLRQ� ZKLFK LQFOXGH WKH FRPSOH[ UDWLR� WKH UHDO �QRW

DSSDUHQW� DEVRUSWLYLW\ DQG WKH VWDELOLW\ FRQVWDQW RI WKH FRP�

SOH[ E\ EHWD�FRUUHFWLRQ VSHFWURSKRWRPHWULF PHWKRG����� LQVWHDG

RI FRPPRQ VSHFWURSKRWRPHWU\� 7KH EHWD�FRUUHFWLRQ VSHFWUR�

SKRWRPHWULF PHWKRG JLYHV WKH UHVSHFWLYH DEVRUSWLRQ RI WKH

H[FHVV 70. DQG $J�70. FRPSOH[ SURGXFW� 7KLV DOORZV

WKH VLPSOHU RSHUDWLRQ� ZKLFK JLYHV D PRUH DFFHSWDEOH UHVXOW

IRU WKH GHWHUPLQDWLRQ RI WKH SURSHUWLHV RI WKH $J�70. FRP�

SOH[ FRPSDUHG ZLWK WKH FRQYHQWLRQDO PHWKRG VXFK DV PRODU

UDWLR�� DQG <DW]LPLUVN\���

3ULQFLSOH

)URP WKH IROORZLQJ H[SUHVVLRQ��� WKH UHDO DEVRUEDQFH �$F�

RI WKH FRPSOH[ �0/γ� IRUPHG LQ WKH UHDFWLRQ EHWZHHQ PHWDO

�0� LRQ DQG OLJDQG �/� LV FDOFXODWHG�

ZKHUH ∆$ DQG ∆$′ DUH WKH DEVRUEDQFHV RI WKH PL[HG VROXWLRQ
RI0/γ DQG /PHDVXUHG DW ZDYHOHQJWKV λ� DQG λ� DJDLQVW WKH

UHDJHQW EODQN �RQO\ / VROXWLRQ�� UHVSHFWLYHO\� %RWK α DQG β
DUH QDPHG FRUUHFWLRQ IDFWRUV DQG WKH\ DUH FDOFXODWHG ZLWK WKH

IROORZLQJ H[SUHVVLRQV�

DQG

ZKHUH ε0/γ
λ�� ε0/γ

λ�� ε/λ� DQG ε/λ� DUH WKH PRODU DEVRUSWLYLWLHV

RI0/γ DQG / DW ZDYHOHQJWKV λ� DQG λ� � UHVSHFWLYHO\�

,W LV ZHOO NQRZQ WKDW WKH DSSDUHQW DEVRUSWLYLW\ �εD�0/γ
λ�� RI

0/γ DW ZDYHOHQJWKV λ� FDQ EH REWDLQHG IURP WKH PHDVXUHG

DEVRUEDQFH �∆$�� 7KHUHIRUH� LWV UHDO DEVRUSWLYLW\ �εU�0/γ
λ��

VKRXOG EH FDOFXODWHG IURP WKH UHDO DEVRUEDQFH �$F��

7KH UDWLR �γ ′ � RI / WR FRPSOH[ 0 LQ UHDFWLRQ PD\ EH

H[SUHVVHG DV IROORZV�

ZKHUH

ZKHUH η LQGLFDWHV WKH UHDFWHG SHUFHQWDJH RI OLJDQG� DQG &0�

&/ LQGLFDWH WKH PRODU FRQFHQWUDWLRQ RI0 DQG / DW WKH EHJLQ�

QLQJ RI WKH UHDFWLRQ� UHVSHFWLYHO\� 7KH WHUP δ LQGLFDWHV WKH

WKLFNQHVV RI WKH XVHG FHOO DQG $R LV WKH PHDVXUHG DEVRUEDQFH

RI WKH UHDJHQW EODQN DW ZDYHOHQJWK λ�� ,I γ ′ UHDFKHV PD[L�
PXP DQG UHPDLQV FRQVWDQW� LW LV WKRXJKW WKDW γ  γ ′� 7KH
V\PERO γ LV D QDWXUDO QXPEHU WDNHQ DV WKH VWRLFKLRPHWULF

UDWLR RI WKH FRPSOH[ SURGXFHG� ,Q DGGLWLRQ� WKH IROORZLQJ

H[SUHVVLRQ ZDV HVWDEOLVKHG IRU WKH VWDELOLW\ FRQVWDQW �.� RI
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FRPSOH[0/γ IURP WKH UHDFWLRQ�0 � γ /  0/γ �

([SHULPHQWDO 6HFWLRQ

$SSDUDWXV� $EVRUSWLRQ VSHFWUD ZHUH PHDVXUHG RQ D

0RGHO 89���� VSHFWURSKRWRPHWHU �6KLPDG]X� -DSDQ� ZLWK

��� FP FHOOV�

5HDJHQWV� 70. VROXWLRQ ������ PPRO�/� ZDV SUHSDUHG

E\ GLVVROYLQJ ����� J 70. �6KDQJKDL 7KLUG 5HDJHQWV� LQ

���� P/ RI DFHWRQH �6KDQJKDL 5HDJHQWV�� ,W ZDV VWRUHG LQ D

GDUN ERWWOH DW OHVV WKDQ � R&� 6LOYHU �,� VWDQGDUG� ����� PJ�/�

ZDV SUHSDUHG ZLWK VLOYHU QLWUDWH �$� 5�� 6KDQJKDL 5HDJHQWV�

DQG ���� PJ�/ $J �,� VROXWLRQ ZDV REWDLQHG E\ GLOXWLQJ WKH

DERYH VWDQGDUG� $ S+ � EXIIHU VROXWLRQ ZDV SUHSDUHG XVLQJ

DFHWLF DFLG �$� 5�� %HLMLQJ &KHPLFDOV� DQG VRGLXP DFHWDWH

�$� 5�� 6KDQJKDL &KHPLFDOV�� 7ZR EXIIHU VROXWLRQV� S+ �

DQG S+ ��� ZHUH SUHSDUHG XVLQJ DPPRQLD ZDWHU DQG DPPR�

QLXP FKORULGH �$� 5�� %HLMLQJ &KHPLFDOV�� 7KH IROORZLQJ

VXUIDFWDQW VROXWLRQV ZHUH SUHSDUHG WR LQFUHDVH UHDFWLRQ VHQVL�

WLYLW\� DON\OSKHQG HWKR[\ODWHV �HPXOVLILHU 23� 6KDQJKDL

5HDJHQWV� VROXWLRQ� 6'%6 �6KDQJKDL 5HDJHQWV� VROXWLRQ DQG

FHW\OWULPHWK\O�DPPRQLXP EURPLGH �&70$%� VROXWLRQ� $OO

ZHUH ���

5HFRPPHQGHG SURFHGXUH� ���� µJ VLOYHU ZDV WUDQV�

IHUUHG WR D ���P/ FDOLEUDWHG IODVN� DQG � P/ RI EXIIHU VROX�

WLRQ DQG � PO RI VXUIDFWDQW VROXWLRQ ZHUH DGGHG� $OVR DGGHG

ZDV D NQRZQ YROXPH RI 70. VROXWLRQ� 7KH FRQWHQWV RI WKH

IODVN ZHUH GLOXWHG WR WKH PDUN ZLWK GLVWLOOHG ZDWHU DQG PL[HG

ZHOO� 7KH DEVRUEDQFHV ZHUH PHDVXUHG EHWZHHQ �� DQG ��

PLQ DW WZR ZDYHOHQJWKV �VKRZQ LQ 7DEOH ��� UHVSHFWLYHO\�

)LQDOO\� $F� α DQG β ZHUH FDOFXODWHG�

5HVXOWV DQG 'LVFXVVLRQ

$EVRUSWLRQ VSHFWUD� 7KH DEVRUSWLRQ VSHFWUD RI 70.

DQG WKH $J�70. UHDFWLRQ VROXWLRQ DUH VKRZQ LQ )LJXUH � DW

S+ � RU � DQG LQ 23 SUHVHQFH RU 6'%6 SUHVHQFH� 7KH PHD�

VXUHG ZDYHOHQJWKV ZHUH VHOHFWHG DW WKH SHDN DEVRUSWLRQ DQG

WKH YDOOH\ DEVRUSWLRQ EHFDXVH WKLV JDYH WKH PD[LPDO VHQVL�

WLYLW\� )URP [�F FXUYHV� WKH PHDVXUHG ZDYHOHQJWKV RI WKH

WKUHH UHDFWLRQV DQG WKH UHVXOWV DUH OLVWHG LQ 7DEOH �� )URP

FXUYHV [�D DQG [�E� β DQG α RI HDFK VROXWLRQ ZHUH FDOFXODWHG�

UHVSHFWLYHO\ �7DEOH ��� 7KH $F H[SUHVVLRQ RI HDFK UHDFWLRQ

ZDV REWDLQHG� DV DOVR VKRZQ LQ 7DEOH ��

(IIHFW RI 70. FRQFHQWUDWLRQ� )LJXUH � VKRZV WKH

PHDVXUHPHQW DEVRUEDQFHV RI $J ����� PJ�/��70. UHDFWLRQ

VROXWLRQ REWDLQHG E\ YDU\LQJ WKH DGGLWLRQ RI 70. VROXWLRQ�
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7DEOH �� 7KH RSHUDWLRQ FRQGLWLRQ RI WKH PHWKRG DQG WKH FDOFXODWLRQ UHVXOW RI WKH FRUUHFWLRQ IDFWRUV IRU WKH UHDFWLRQ EHWZHHQ $J�,� DQG 70.

0�/ UHDFWLRQ λ� QP λ� QP α β $F 

$J�70.�23 DW S+ � ��� ��� ����� ����� �����∆$������∆$′�
$J�70.�6'%6 DW S+ � ��� ��� ����� ����� �����∆$������∆$′�
$J�70.�6'%6 DW S+ � ��� ��� ����� ����� �����∆$������∆$′�

)LJXUH �� $EVRUSWLRQ VSHFWUD RI 70. DQG $J�70. VROXWLRQ � $��
LQ WKH SUHVHQFH RI 23 DW S+ �� %�� WKH SUHVHQFH RI 6'%6 DW S+ ��
&�� VDPH DV %� EXW DW S+ �� FXUYH D� 70. VROXWLRQ� E� $J�70.
FRPSOH[ �QR IUHH 70.� VROXWLRQ� F� $J�70. UHDFWLRQ �FRQWDLQLQJ
H[FHVV 70.� VROXWLRQ�

)LJXUH �� (IIHFW RI 70. FRQFHQWUDWLRQ RQ WKH $J ����� PJ�/��
70. VROXWLRQ� $�D� LQ WKH SUHVHQFH RI 23 DW S+ � DW ��� QP� $�E�
VDPH DV $�D EXW DW ��� QP� %�D� LQ WKH SUHVHQFH RI 6'%6 DW S+ � DW
��� QP� %�E� VDPH DV $�D EXW DW ��� QP� &�D DQG &�E� VDPH DV %�D
DQG %�E EXW DW S+ �� DOO DJDLQVW UHDJHQW EODQN
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)URP FXUYHV [�D� WKH SRVLWLYH DEVRUSWLRQ DSSURDFKHV WR PD[�

LPXP ZKHQ WKH FRQFHQWUDWLRQ RI 70. LV PRUH WKHQ �����

PPRO�/� )URP FXUYHV [�D� WKH FRPSOH[ UDWLR RI 70. WR

$J�,� ZDV GLIILFXOW WR FDOFXODWH E\ WKH PRODU UDWLR PHWKRG��

EHFDXVH WKH LQIOHFWLRQ SRLQWV DUH QRW FOHDU� )URP WKH FXUYHV

DERYH� WKH UHDO DEVRUEDQFH �$F� DQG WKH FRPSOH[ UDWLR �γ ′ �
RI HDFK VROXWLRQ ZHUH REWDLQHG DQG WKH UHVXOWV DUH VKRZQ LQ

)LJXUH �� )URP FXUYHV [�E� WKH UHDO PRODU DEVRUSWLYLW\ �ε λ��

RI $J�70. FRPSOH[ ZDV FRPSXWHG DV IROORZV� ε$J�70.�
���

 ���� × ��� / ± PRO−� ± FP−� DW S+ �� ε$J�70.��
���  ���� ×

��� / ± PRO−� ± FP−� DW S+ � DQG ε$J�70.��
���  ���� × ���

/ ± PRO−� ± FP−� DW S+ �� 7KH UHDFWLRQ EHWZHHQ $J�,� DQG

70. KDG D KLJKHU VHQVLWLYLW\ LQ WKH SUHVHQFH RI 6'%6 WKDQ

LQ WKH SUHVHQFH RI 23� 7KH $J�70.�6'%6 WHUQDU\ FRPSOH[

KDG D KLJKHU DEVRUSWLRQ DW S+ � WKDQ DW S+ �� )URP FXUYHV [�

D LQ )LJXUH �� ZH REWDLQHG WKHLU UHVSHFWLYH DSSDUHQW DEVRUS�

WLYLWLHV DV IROORZV� ���� × ���� ���� × ��� DQG ���� × ��� / ±

PRO−� ± FP−�� 7KH GLIIHUHQFHV EHWZHHQ WKH DSSDUHQW DQG UHDO

YDOXHV UDQJHG IURP ���� × ��� WR ���� × ��� / ± PRO−� ± FP−��

7KH UDWLR γ ′ DSSURDFKHG � IURP FXUYH $�E LQ )LJXUH � DQG �

IURP FXUYHV %�E DQG &�E ZKHQ WKH 70. FRQFHQWUDWLRQ ZDV

PRUH WKDQ ���� PPRO�/� 7KH IROORZLQJ FRPSOH[HV ZHUH

IRUPHG� $J�70.� LQ WKH SUHVHQFH RI 23 DW S+ ��

$J�70.�� LQ WKH SUHVHQFH RI 6'%6 DW S+ � DQG ��

(IIHFW RI S+� 7KH UHVXOWV RU YDU\LQJ WKH S+ RU WKH UHDF�

WLRQ VROXWLRQ DUH VKRZQ LQ )LJXUH �� 7KH UHDFWLRQ KDUGO\ SUR�

FHHGHG DW S+ �� EHFDXVH WKH UHDO DEVRUEDQFH RI WKH FRPSOH[

DSSURDFKHG ]HUR� )URP )LJXUH ��$�� WKH UHDO DEVRUSWLRQ RI

WKH $J�70. VROXWLRQ LQ WKH SUHVHQFH RI 23 DW S+ � LV RQO\

RQH�IRXUWK WKDW RI WKH VROXWLRQ DW S+ �� ,W ZDV IRXQG WKDW S+

� LQ WKH SUHVHQFH RI 23 RU 6'%6 DQG S+ � LQ WKH SUHVHQFH RI

6'%6 JDYH WKH KLJKHVW VHQVLWLYLW\� ,Q WKLV ZRUN� S+ � DQG

S+ � EXIIHU VROXWLRQV ZHUH XVHG�

(IIHFW RI VXUIDFWDQW� 7KH WHUQDU\ FRPSOH[ UHDFWLRQ

)LJXUH �� 7KH UHDO DEVRUEDQFH �D� DQG WKH FRPSOH[ UDWLR γ �E�
FXUYHV� $�� LQ WKH SUHVHQFH RI 23 DW S+ �� %� LQ WKH SUHVHQFH RI
6'%6 DW S+ �� &�� VDPH DV %� EXW DW S+ ��

)LJXUH �� (IIHFW RI S+ RQ DEVRUSWLRQ RI WKH $J����� PJ�/��70.
VROXWLRQ� $�� LQ WKH SUHVHQFH RI 23� %�� LQ WKH SUHVHQFH RI 6'%6�

)LJXUH �� (IIHFW RI VXUIDFWDQWV RQ DEVRUSWLRQ RI WKH $J ����� PJ�
/��70. VROXWLRQ� $�� S+ �� %�� S+ ��

)LJXUH �� (IIHFW RI WLPH RQ DEVRUSWLRQ RI WKH $J ����� PJ�/��
70. VROXWLRQ� $�� LQ WKH SUHVHQFH RI 23 DW S+ �� %�� LQ WKH
SUHVHQFH RI 6'%6 DW S+ �� &�� VDPH DV %� EXW DW S+ �� D� SHDN
DEVRUSWLRQ DQG E� YDOOH\ DEVRUSWLRQ�
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EHWZHHQ D PHWDO�OLJDQG ELQDU\ FRPSOH[ DQG D VXUIDFWDQW XVX�

DOO\ KDSSHQV DQG LW ZDV DSSOLHG WR LPSURYH WKH DQDO\WLFDO

VHQVLWLYLW\� ,Q WKLV VWXG\� WKH HIIHFW RI 23� &70$% DQG

6'%6 RQ $J�70. UHDFWLRQ DUH VKRZQ LQ )LJXUH �� )URP WKH

FROXPQ KHLJKW VKRZQ LQ )LJXUH �� WKH UHDO DEVRUSWLRQ RI WKH

$J����� PJ�/��70. FRPSOH[ ZDV OHVV WKDQ ���� LQ WKH

SUHVHQFH RI &70$% RU LQ WKH DEVHQFH RI VXUIDFWDQW� ZKLFK

ZDV RQO\ RQH�WHQWK WKH DEVRUSWLRQ LQ WKH SUHVHQFH RI 6'%6

DQG 23� 7KH $J�70. UHDFWLRQ DW S+ � JDYH KLJKHU VHQVLWLY�

LW\ LQ WKH SUHVHQFH RI 23 DQG 6'%6 WKDQ WKH UHDFWLRQ ZLWK�

RXW WKH VXUIDFWDQW DQG LQ WKH SUHVHQFH RI &70$%� 7KH VDPH

UHVXOW ZDV REWDLQHG IURP WKH $J�70. UHDFWLRQ DW S+ � LQ

WKH SUHVHQFH RI 6'%6� 7KHUHIRUH� WKH VXUIDFWDQWV 23 DQG

6'%6 ZHUH XVHG LQ WKLV VWXG\ WR JLYH VHQVLWLYLW\ DERXW ��

WLPHV DV KLJK DV ZKDW ZRXOG EH REVHUYHG LQ WKH DEVHQFH RI

VXUIDFWDQW�

(IIHFW RI WLPH� 7KH DEVRUSWLRQ RI $J ����� PJ�/��70.

VROXWLRQ ZDV PHDVXUHG DW GLIIHUHQW WLPH LQWHUYDOV� 7KH HIIHFW

FXUYH RI WKH UHDFWLRQ WLPH RQ DEVRUEDQFH LV VKRZQ LQ )LJXUH

�� $OO UHDFWLRQV ZHUH FRPSOHWH LQ �� PLQ� +RZHYHU� VORZ

IDGLQJ RI VROXWLRQ FRORU ZDV IRXQG ZKHQ UHDFWLRQ WLPH

H[FHHGHG �� PLQ� 7KLV ZDV SRVVLEO\ GXH WR WKH R[LGDWLRQ RU

GHFRPSRVLWLRQ RI WKH $J�70. FRPSOH[� +HQFH� WKH PHD�

VXUHPHQW RI DEVRUEDQFH VKRXOG EH PDGH EHWZHHQ �� DQG ��

PLQ IRU WKH EHVW UHVXOW�

'HWHUPLQDWLRQ RI VWDELOLW\ FRQVWDQW� .� 7KH IROORZLQJ

VROXWLRQ ZDV SUHSDUHG DQG PHDVXUHG IRU WKH GHWHUPLQDWLRQ RI

WKH VWDELOLW\ FRQVWDQW RI WKH $J�70. FRPSOH[� ����� µPRO
$J �,� ZLWK ����� µPRO 70.� 7KH VWDELOLW\ FRQVWDQWV� .©V�

ZHUH FDOFXODWHG DQG WKH UHVXOWV DUH OLVWHG LQ 7DEOH �� 7KH

FRPSOH[ $J�70.�� IRUPHG DW S+ � LQ 6'%6 SUHVHQFH ZDV

PRVW VWDEOH EHFDXVH LWV VWDELOLW\ FRQVWDQW �.� ZDV DERXW ��

WLPHV WKDW RI $J�70.�� IRUPHG DW S+ � DQG DERXW ��� WLPHV

WKDW RI $J�70.� DW S+ � LQ WKH SUHVHQFH RI 23�

5HIHUHQFHV

�� 2KVKLWD� .� $QDO� &KLP� $FWD ����� ���� ����

�� 7UDLP� 3�0LNURFKLP� $FDW� ����� �� ���

�� 'DJQDOO� 5� 0�� :HVW� 7� 6� 7DODQWD ����� ��� �����
�� .RK� 7� $QDO� &KLP� $FWD ����� ���� ����

�� 6XQ� *� %�� =KRX� -� 3�� 7RQJ� 6� <� )HQ[L +XD[XH �����

��� ����
�� :HL� )� 6�� <LQ� )� 7DODQWD ����� ��� ����

�� /LNXVVDU� :� $QDO� &KLP� $FWD ����� ��� ����

�� (O�*KDPU\� 0� 7� $QDO� &KHP� ����� ��� �����
�� =KDQJ� *� )� /LKXD -LDQ\DQ�+XD[XH )HQFH ����� ��� ����

��� *DR� +� :� 7DODQWD ����� ��� ����

��� *DR� +� :� ,QG� -� &KHP� ����� ��$� ���
��� %HQW� +� (� -� $P� &KHP� 6RF� ����� ��� ����

��� <DW]LPLUVN\� .� %� =KXU� 1HRUJ� .KLP� ����� �� �����

7DEOH �� 7KH VWDELOLW\ FRQVWDQW RI $J�70. FRPSOH[ LQ LRQ VWUHQJWK ����� DQG DW WHPSHUDWXUH �� R&

5HDFWLRQ $EVRUEDQFH DW λ� $EVRUEDQFH DW λ� η� � γ ′ .
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