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We have studied the behavior of interdiffusion between partially miscible polymer pair from a theoretical view-
point by applying the reptation model for collective interdiffusion and spinodal decomposition in polymer mix-
tures with different molecular weights. We find that our predictions agree well with the experiments of Klein
and co-workers, where the exponent α of the initial increase of interfacial width with time in tα is significantly
lower than 0.5 for free diffusion.

Introduction

Binary liquid mixtures of deuterated and protonated poly-
mers are characterized by the upper critical solution temper-
ature.1,2 At temperatures lower than the critical point for
miscibility, polymer mixtures will demix through the spin-
odal decomposition. Likewise, two isotopically different
polymers in contact do not in general interdiffuse freely into
each other. When the system is not far from the critical point,
phase separation into two coexisting phases cannot be per-
fect and partial mixing via interdiffusion will occur between
deuterated polymer and protonated polymer. The diffusion
between the two different polymers in contact is not free in
the sense of Fickian transport, and an interfacial zone of
finite width W separates them at equilibrium. de Gennes3

was the first to point out that because the combinatorial
entropy of mixing of polymers is so small, scaling as N−1

where N is the degree of polymerization, the mutual diffu-
sion of chemically dissimilar polymers will be dominated by
the excess enthalpy and entropy of segment-segment mix-
ing. Since N is large and interaction (N independent)
between the different monomers are generally unfavorable,
the driving force for mixing is very weak. Therefore, a rela-
tively small positive Flory χ parameter is sufficient to make
the mixtures phase-separate. For a miscible polymer pair the
interfacial width W increases with time t as W~ (Dt)1/2,
where D is the mutual diffusion coefficient. Klein and co-
workers have obtained the first direct measurement of time-
dependent composition profiles at the interface between two
partially miscible polymers A and B (deuterated and proto-
nated polystyrenes).4,5 They found that the initial broadening
of the interface at the temperatures below the critical point
for phase separation follows a power law quite different
from the Fickian  relation, while at long times the inter-
face is characterized by a mixing zone of finite extent as
expected, and the exponent α = 0.34 ± 0.06 in tα, falling
between 0.25 (the Cahn-Hilliard12 term dominant) and 0.5
(Fickian characteristic), is significantly lower than its value
of 0.5 for free diffusion.

We have studied the interdiffusion between partially mis-
cible polymers with different molecular weights from a theo-
retical viewpoint.6 By comparing our reptation model6 with
experiments of Klein and co-workers, we obtain good agree-

ment. Our model provides a quantitative analysis of Klein’s
experiments, which is different from the previous semi-
quantitative analysis of polymer mixtures with same molec-
ular weights.7

Theory

We consider the interdiffusion between pure polymer A
and pure polymer B with isotopically different segments
The dynamical diffusion equation6 in terms of the rescaled
variables is given by

(1)

where R (= NB/NA) represents the molecular weight ratio an
NA, NB are the degrees of polymerization of polymers A and
B, respectively. The length was scaled by the natural len
K1/2 and the time was scaled with unit τ = 2K/DA which is on
the order of the reptation time of a single chain in melt. T
K (= NA a2) has the magnitude of square of the radius 
gyration and a is the segment length of polymers A and B.
DA is of the magnitude of the self-diffusion coefficient6 in
entangled polymer melt. The composition variable was re
fined as ψ = 2(φ A − 1/2) so that the order parameter ψ takes
values between +1 ( pure A ) and 1 (pure B) as composition
profile φ A drops from 1 to zero, and we also made a chan
of notation: NAχ→χ where χ is the Flory parameter. After
we have made a change of notation, χc in the Flory-Huggins
mean field model of polymer mixing is given by

 
 (2)

In Eq. (2), χc = 2 for the symmetric case (R = 1) and χc =
1.24 for R = 3.02.

Eq. (1) is a non-linear equation for φ A, and solving it gen-
erally requires numerical computation obtained by discre
ing Eq. (1) with finite differences. The evolution of th
bilayer system starting from the initial profile of a step fun
tion is described by application of the standard Cran
Nicholson method to update at every time step the pro
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described by Eq. (1). We discretize (x, t)/ t as (ψi
n+1−

ψi
n)/∆t, (x, t)/ x as (ψi+1

n−ψi-1
n)/2∆x, and similarly for

its higher spatial derivatives with ∆t = 0.01 and ∆x = 0.5.
The total grid points are 700, so that the total thickness is
350 K½. We take the initial interface of the bilayer system as
300 ∆x (=150 K½). The boundary conditions to solve the
above diffusion equation are (x, t)/ x = 0 and 3ψ(x, t)/

x3 = 0 at the outer two ends of the bilayer. Then, the system
is allowed to evolve 105 time steps (= 103 τ) with an initial
interfacial width of a reasonable magnitude as long as the
boundary condition will remain valid.

The interfacial width W(t) defined as the inverse of the
slope at the point of the interface where the composition pro-
file ψ(x) varies most rapidly:

(3)

where W(t) is given in units of K1/2. 
Klein and co-workers4,5 have determined the composition

profiles at the interface between deuterated polystyrene, dPS
(sample A, NA = 9,196) and protonated polystyrene, pPS
(sample B, NB = 27,788), and then between deuterated poly-
styrene, dPS (sample A, NA = 9,196) and protonated polysty-
rene, pPS (sample C, NC = 8,654). In particular, interfacial
broadening with elapse time was studied in detail. The stud-
ies by Bates and co-workers1,8 have demonstrated that mix-
tures of deuterated and of protonated analogs of the same
polymer are characterized by a small positive value of the
interaction parameter χ, resulting from slight difference
between isotopically different segments. For mixtures of
dPS and pPS this interaction varies with temperature as1,8 

(4)

so that for the values NA and NB of Klein’s polystyrene sam-
ples the critical temperature Tc for phase separation is pre-
dicted to be around 200 °C. Klein and co-workers studied
the interface at temperature below this critical point though
still considerably above the glass transition temperature (Tg

≅ 100 °C) of the polymer,9 that is, in conditions where the
two polymers would demix spinodally.10 Here, we compare
our theoretical predictions with Klein’s data in the same con-
ditions as Klein’s experiments.

Results and Discussion

To quantify our analysis and to compare with experimen-
tal data,4,5 we have considered two values of molecular
weight ratio R = 3.02 (=NB /NA) and 0.94 (=NC /NA), corre-
sponding to the following two pairs of polystyrene samples:
NA = 9,196 and NB = 27,788; NA = 9,196 and NC = 8,654. For
R = 3.02 (χc = 1.24), four values of χ = 1.786 (at 140 °C ), χ
= 1.681 (at 150 °C), 1.580 (at 160 °C), and 1.484 (at 170 °C)
are obtained by using Eq. (4), then χ = 1.580 (at 160 °C) for
R = 0.94 (χc = 2.06).

Figure 1 shows the composition profiles of polymer A for
A/B diffusion couples (R = 3.02) which were diffused at χ =

1.786, 1.681, 1.580, and 1.484 for diffuison time τ of 1000t.
The thin solid curve in Figure 1 represents the composit
profile of polymer A for A/C system (R = 0.94) for the same
diffusion time. The time is expressed in units of τ (= 2K/DA)
and length in units of x (= 0.5 K1/2). The diffusion behavior
for R = 3.02 is asymmetric as we anticipated while almo
symmetric for the case of R = 0.94. As we see in Figure1, th
lower molecular weight polymer A diffuses more deeply into
the high molecular weight side of polymer B because of the
entanglement effect. For R = 3.02, the lower χ (= the higher
temperature) from the critical point of χc = 1.24, the faster
polymer A diffuses. This is because mixtures of deuterat
and protonated analogs of the same polymer are chara
ized by the upper critical solution temperature. The devel
ment of interface width W(t) with the square root of time t1/2

at different χ values (= temperatures) higher than χc, is
shown in Figure 2. The width initially increases with tim
but then levels off at a constant value. For R = 0.94, we see
obviously the monotonic increase in the interface wid
expected for unrestricted diffusion, with no indication of le
eling off at long times. The dotted line is plotted against W(t)
∝ t1/2 scaling relation expected for the Fickian-type diffu
sion. Our theoretical predictions strongly resemble t
Klein’s data of Figure 2 in ref 4. Figure 3 shows natural lo
log plots of the variation with time of the interface width i
A/B system. The further away the critical point given by χc =
1.24, i.e., the larger χ, the slower W(t) increases, which
agrees well with Figure 2 and Figure 3 in ref 5. Since 
curves are not straight lines throughout the time interva
Figure 3, power law such as W(t) ∝ tα holds only for a cer-
tain initial period during the interdiffusion. The certain in
tial period of interdiffusion in Figure 3 where the power la
is valid, is shown in detail in Figure 4. The solid lines in Fi
ure 4 are the linear fits for R = 3.02 and the dotted line is th
linear fit for R = 0.94, whose slopes yield the scaling exp
nents α. In the case of R = 3.02, the values of α are 0.3260 (χ
= 1.484), 0.2958 (χ = 1.580), 0.2765 (χ = 1.681), and 0.2616
(χ = 1.786). For R = 0.94, the value of α is 0.4344 (χ =
1.580). The values of α in all four cases of R = 3.02 are

∂ψ ∂
∂ψ ∂

∂ψ ∂ ∂
∂

W t( ) = 
∂ψ x,t( )

∂x
------------------- 

 
max
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 − 
∂ψ x=300∆x, t=0( )

∂x
----------------------------------------------- 

 
2– 1 2⁄

χ = { 0.20 0.01±( )/T − 2.9 0.4±( )  × 10 4– }  × NA

Figure 1. The composition profiles of χ = 1.786, χ = 1.681, χ =
1.580 and χ = 1.484 for R = 3.02, and χ = 1.580 for R = 0.94 at t =
1000τ. The time is expressed in units of τ (= 2K/DA) and length in
units of 0.5K1/2.
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smaller than the 0.5 for the Fickian-type diffusion. We can
see that the deeper in the two-phase region (i.e. the larger χ),
the exponent α is smaller than 0.5, but larger than 0.25. A
mean-field approach11 suggests that, closer to the critical
temperature, the exponent may be between 1/4 and 1/2.

Comparison with Klein’s data5 is given in Table 1. Both
Klein’s experimental data and our calculation data are c
siderably smaller than the Fickian exponent 1/2, falli
between 0.25 and 0.5. Within the error range, our predicti
of interfacial width are quantitatively agree well with th
Klein’s data. In case of R = 0.94 (χ = 1.580), the value of α =
0.4344 is closer to 1/2 for the Fickian-type free diffusio
Because the value of χ = 1.580 (= 160 °C) in R = 0.94 is
lower than the predicted critical χc of 2.06 for the NC /NA sys-
tem (i.e., higher than the predicted critical temperature 
~115 °C), we can expect for free interdiffusion with α = 1/2.
As we see in Figure 2 and Figure 4, our data do show a c

 dependence of the interfacial width and agree well w
Klein’s experimental data.4

The long-time limit of the interfacial width W(t) for differ-
ent temperatures (i.e., at different χ (T) values) as we
approach Tc from below is shown in Figure 5. The solid lin
is our calculation result at a diffusion time, t = 105 τ with
segment size a = 6.6 Å, same as the value of ref 4. The fille
circles are Klein’s experimental data with the broken curv
corresponding to the uncertainty limit. The dotted line is t
mean-field prediction, which is evaluated from Eq. (2) in r
4. Within the spread implicit, our data are in good quanti
tive agreement with the Klein’s. 

Conclusions

We have compared our reptation model with Klein
data4,5 and good agreement is found. Particularly, our mo

t

Figure 2. Interface width W(t) against the square root of time t1/2

for R = 3.02 and R = 0.94. The units are the same as in Figure 1.

Figure 3. Natural log-log plot of variation with time of the
interfacial width for R = 3.02.

Figure 4. Linear fits of the natural log-log plots of the interfacial
width with time for R = 3.02 (solid lines) and R = 0.94 (dotted line)
in the certain initial period of interdiffusion of Figure 3 where the
power law is valid. Exponents α are obtained from the slope

Table 1. Klein’s and our values of the exponents in the relati
W(t) = const × tα at four different temperatures T

T (°C) α (Klein’s data) α (Our data)

140 0.27 ± 0.08 0.2616
150 0.38 ± 0.06 0.2765
160 0.36 ± 0.06 0.2958
170 0.36 ± 0.04 0.3260

Figure 5. The long-time limit of the interfacial width W(t) for T =
150 °C, 160 °C and 170 °C. The solid line is our calculation data a
t = 105 τ and the filled circles are Klein’s data with the sprea
implicit. The dotted line is the mean-field prediction by Eq. (2) 
Ref 4. The units are the same as in Figure 1.
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provides a quantitative analysis (not a semiquantitative7) for
the experiments of refs 4 and 5. We find the interfacial width
to increase with time t at short times as tα. All the values of a
theoretically determined in the present study, as summarized
in Table 1, are between 1/4 and 1/2. These theoretical results
agree well with Klein’s data4,5 within the error range and
with the mean-field approach.11 We also note that the interfa-
cial widths for long times (Figure 5) are in accord with
Klein’s experimental data.4,5 Finally, we conclude that our
reptation model6 is capable of making various and reason-
able predictions for the interdiffusion with different values
of the NA /NB couple.
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