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VLRQ WLPH� &RQVLGHULQJ WKH YDFDQF\ IOX[ �-Y� DQG DGRSWLQJ WKH &DKQ�+LOOLDUG LQWHUIDFLDO HQHUJ\ LQ GHVFULELQJ WKLV

V\VWHP� ZH FDQ VHH WKDW WKH YDULDWLRQ RI WKH LQWHUIDFLDO FRPSRVLWLRQ SURILOH ZLWK WLPH LV DV\PPHWULF DQG WKH LQ�

WHUIDFH PRYHV WRZDUGV WKH SRO\PHU ZLWK WKH ORZHU PROHFXODU ZHLJKW DV LQWHUGLIIXVLRQ SURJUHVVHV� )XUWKHUPRUH�

LQWHUIDFH VKLIW ∆[� ZKLFK FKDUDFWHUL]HV WKH LQWHUGLIIXVLRQ EHWZHHQ SRO\PHUV� DJUHHV ZHOO ZLWK WKH EHKDYLRUV RI

WKH H[LVWLQJ H[SHULPHQWDO GDWD� :H FDQ DOVR REWDLQ WKH LQWHUIDFH VKLIW IDFWRU&� ZKLFK FDQ EH FRQYHUWHG LQWR YDO�

XHV RI 'V �VHOI�GLIIXVLRQ FRHIILFLHQW RI WKH VPDOOHU PROHFXOHV�� IURP WKH VORSHV RI WKH OLQHDU ILWV WR WKH GDWD RI

WKH LQWHUIDFH VKLIW�

,QWURGXFWLRQ

3RO\PHU GLIIXVLRQ KDYH EHHQ VWXGLHG IRU PDQ\ \HDUV E\

XVLQJ WKH YDULRXV H[SHULPHQWDO WHFKQLTXHV DQG WKH WKHRUHWL�

FDO DSSURDFKHV LQ RUGHU WR XQGHUVWDQG WKH SURFHVV RI WKH

LQWHUGLIIXVLRQ EHWZHHQ SRO\PHUV ZLWK GLIIHUHQW PROHFXODU

ZHLJKWV� 2QH RI WKHVH H[SHULPHQWV DQG WKHRUHWLFDO DSSURDFKHV

LV WKH LQWHUGLIIXVLRQ EHWZHHQ KRPRSRO\PHUV ZLWK LVRWRSL�

FDOO\ GLIIHULQJ VHJPHQWV RU SRO\PHUV ZLWK VLPLODU SK\VLFDO

SURSHUWLHV���� $QRWKHU LV WKH LQWHUGLIIXVLRQ EHWZHHQ FRXSOHV

RI FKHPLFDOO\ GLIIHUHQW� EXW FRPSDWLEOH� SRO\PHUV����� ,Q DOO

WKH WKHRULHV DERYH�PHQWLRQHG� LQ VSLWH RI WKH GLIIHUHQFHV LQ

WKHLU EDVLF DVVXPSWLRQV� WKH EXON IORZV RFFXU LQ RUGHU WR

FRPSHQVDWH IRU WKH JDS EHWZHHQ PRELOLWLHV RI ORQJ DQG VKRUW

SRO\PHUV� 7KH GLIIXVLRQ RI D ORQJ DQG HQWDQJOHG SRO\PHU

FKDLQ LQ WKH PHOW LV DGHTXDWHO\ GHVFULEHG E\ WKH UHSWDWLRQ

PRGHO SURSRVHG E\ GH *HQQHV��� $Q LPSRUWDQW SUHGLFWLRQ RI

WKLV PRGHO LV WKDW WKH GLIIXVLRQ FRHIILFLHQW ' RI D FKDLQ RI

GHJUHH RI SRO\PHUL]DWLRQ 1 VKRXOG GHFUHDVH DV 1 −�� 6XFK

SUHGLFWLRQ KDV EHHQ YHULILHG E\ H[SHULPHQWV LQ ZKLFK D YHU\

GLOXWH FRQFHQWUDWLRQ RI GHXWHUDWHG SRO\HWK\OHQH FKDLQV LV DO�

ORZHG WR GLIIXVH LQWR XQGHXWHUDWHG SRO\HWK\OHQH������ 7KH H[�

SHULPHQWDO HYLGHQFHV� KRZHYHU� ERWK IURP FRQFHQWUDWHG KRPR�

SRO\PHUV RI GLIIHUHQW PROHFXODU ZHLJKWV�� DQG IURP FKHPL�

FDOO\ GLIIHUHQW� EXW FRPSDWLEOH SRO\PHUV��� VKRZ ODUJH GHYLD�

WLRQ IURP WKH 1 −� GHSHQGHQFH RI ' H[SHFWHG IURP WKH QDLYH

DSSOLFDWLRQ RI WKH UHSWDWLRQ PRGHO� $ SRVVLEOH UHDVRQ IRU

WKHVH GHYLDWLRQV KDV EHHQ GLVFRYHUHG E\ %URFKDUG� -RXIIUR\�

DQG /HYLQVRQ �%-/���� 7KH\ VKRZHG WKDW WKH GLIIXVLRQ FRHI�

ILFLHQW ' RI FRQFHQWUDWHG SRO\PHU VROXWLRQV GHSHQGV PDUN�

HGO\ RQ WKH FRQFHQWUDWLRQ DQG GHYLDWHV ODUJHO\ IURP 1 −�

GHSHQGHQFH� 7KH\ PDGH WKH DVVXPSWLRQ� KRZHYHU� WKDW WKH

IOX[HV RI WKH GLIIXVLQJ VSHFLHV DUH HTXDO DQG RSSRVLWH� 7KH

OLPLWDWLRQ RI WKLV DVVXPSWLRQ LV WKDW WKH LQWHUIDFH UHPDLQV

V\PPHWULF DV LQWHUGLIIXVLRQ SURFHHGV IRU V\PPHWULF ERXQG�

DU\ FRQGLWLRQV� 2Q WKH RWKHU VLGH� .UDPHU DQG DVVRFLDWHV����

VKRZHG WKDW� IRU SRO\PHUV ZLWK GLIIHUHQW PROHFXODU ZHLJKWV�

WKH LQWHUIDFH PRYHV WRZDUGV WKH SRO\PHU ZLWK WKH ORZHU

PROHFXODU ZHLJKW DV LQWHUGLIIXVLRQ SURFHHGV� .UDPHU HW DO��

DQG 6LOOHVFX�� GHVFULEHG LQWHUGLIIXVLRQ LQ V\VWHPV ZLWK D

PRYLQJ LQWHUIDFH E\ XQHTXDO IOX[HV RI SRO\PHUV $ DQG %�

ZKLFK ZHUH EDODQFHG E\ D QHW IOX[ �EXON IORZ� RI YDFDQFLHV

�KROHV RU IUHH YROXPH� DFURVV WKH LQWHUIDFH� 7KH HIIHFW RI

EXON IORZ FDQ EH FRPSDUHG WR WKH VZHOOLQJ RI D KLJK PROHFX�

ODU ZHLJKW SRO\PHU PDWUL[ E\ VPDOO PROHFXOHV� 7KH\ DVVXPHG

WKDW WKH FKHPLFDO SRWHQWLDO RI YDFDQFLHV ZDV ]HUR LQ WKH PHOW

VWDWH EXW WKH IOX[ RI YDFDQFLHV ZDV ILQLWH� ,Q WKLV SDSHU� ZH

GHYHORS D G\QDPLF PRGHO IRU WKH LQWHUGLIIXVLRQ RI SRO\PHU

PROHFXOHV ZLWK YDFDQF\ IOX[� E\ DGRSWLQJ WKH &DKQ�+LOOLDUG

LQWHUIDFLDO HQHUJ\ LQWR WKH H[LVWLQJ WKHRU\� DQG WUDQVIRUPLQJ

WKH YDULDEOHV� +HUH ZH RQO\ GHDO ZLWK SRO\PHU V\VWHPV RI

FKHPLFDOO\ LGHQWLFDO RU VLPLODU VSHFLHV�

7KHRU\

:H FRQVLGHU WKH LQWHUGLIIXVLRQ� DW WKH ODWWLFH PRGHO� EHWZHHQ

KRPRSRO\PHU $ RI GHJUHH RI SRO\PHUL]DWLRQ 1$ DQG KRPR�

SRO\PHU % RI GHJUHH RI SRO\PHUL]DWLRQ 1%� ,W LV DVVXPHG WKDW

WKH YDFDQFLHV DUH GLVWULEXWHG DW UDQGRP LQ WKH ODWWLFH DQG

RFFXS\ D VPDOO IUDFWLRQ RI WKH WRWDO FRQFHQWUDWLRQ� 7KHUHIRUH�

WKH FRQFHQWUDWLRQ RI WKH YDFDQFLHV GRHV QRW FRQWULEXWH WR WKH

IUHH HQHUJ\ RI PL[LQJ� 7KHQ� WKH LQWHUGLIIXVLRQ LV SHUIRUPHG

DW WKH WHPSHUDWXUH 7 RI WKH WZR�SKDVH UHJLRQ� ZKHUH 7 LV QRW

IDU DZD\ IURP WKH FULWLFDO WHPSHUDWXUH 7F� $ VLQJOH FKDLQ GLI�

IXVLQJ E\ WKH UHSWDWLRQ PHFKDQLVP GLIIXVHV DORQJ LWV WXEH

GHILQHG WKH WRSRORJLFDO FRQVWUDLQWV RI QHLJKERU FKDLQV� 'XU�

LQJ WKLV GLIIXVLRQ� D FHUWDLQ OHQJWK RI QHZ WXEH LV FUHDWHG DW

RQH HQG DQG GHVWUR\HG DW WKH RWKHU� )RU D FKDLQ WR GLIIXVH OLNH

WKLV� D FHUWDLQ YROXPH RI YDFDQW VSDFH PXVW EH FUHDWHG DQG

GHVWUR\HG DW WKH WZR HQGV RI WKH GLIIXVLQJ FKDLQ� 7KLV FUH�

DWLRQ DQG GHVWUXFWLRQ RI YROXPH FDXVHV D QHW IOX[ RI YDFDQ�

FLHV �-Y�� 7KXV� WKHUH DUH WKUHH IOX[HV �L�H�� -$� -%� DQG -Y�

LQYROYHG LQ WKH LQWHUGLIIXVLRQ� ,I WKH ODWWLFH VLWHV DUH FRQ�

VHUYHG ZLWK QHJOLJLEOH H[FHVV YROXPH RI PL[LQJ DQG QR



��� %XOO� .RUHDQ &KHP� 6RF� ����� 9RO� ��� 1R� � :RRQ &KXQ .LP HW DO�

FKDQJH LQ WKH ODWWLFH VL]H GXULQJ WKH LQWHUGLIIXVLRQ� WKHQ�

-$ � -% � -9  � ���

)RU WKLV VLWXDWLRQ WKH 2QVDJHU UHODWLRQV FDQ EH ZULWWHQ DV

IROORZV�

��D�

��E�

��F�

ZKHUH 0$ DQG 0% DUH 2QVDJHU FRHIILFLHQWV IRU WKH $ DQG %

PROHFXOHV DQG ZKHUH WKH RII�GLDJRQDO FRHIILFLHQWV 0$%  0%$

DUH DVVXPHG WR EH ]HUR� 7KHVH FRHIILFLHQWV DUH RQO\ LPSRU�

WDQW LQ V\VWHPV ZLWK HOHFWURVWDWLF LQWHUDFWLRQV��� 7KHUHIRUH�

WKLV LV D JRRG DVVXPSWLRQ VLQFH WKH RII�GLDJRQDO FRHIILFLHQWV

FDQ EH QHJOHFWHG IRU LQWHUGLIIXVLRQ LQ SRO\PHU SDLUV ZLWKRXW

LRQLF JURXS�

,I WKH PROHFXODU ZHLJKW RI $ DQG % DUH GLIIHUHQW� WKHUH ZLOO

EH D FKHPLFDO SRWHQWLDO JUDGLHQW µY� :H DVVXPH WKDW WKH

YDFDQF\ IOX[ -Y LV QRW ]HUR EXW UDWKHU µY �� L�H�� WKDW WKH

YDFDQF\ FRQFHQWUDWLRQ LV QHDUO\ DW HTXLOLEULXP HYHU\ZKHUH�

,I WKH FKDLQ UHOD[DWLRQ WLPH LV IDVW FRPSDUHG ZLWK WKH H[SHUL�

PHQWDO WLPH� WKHQ WKH FKHPLFDO SRWHQWLDO RI YDFDQFLHV LV QHJ�

OLJLEOH� 8QGHU WKLV DVVXPSWLRQ� WKH 2QVDJHU UHODWLRQV EHFRPH�

��D�

��E�

��F�

,Q WKH ORQJ FKDLQ OLPLW ZKHUH 1$ DQG 1% DUH PXFK ODUJHU

WKDQ 1H$ DQG 1H% �WKH HQWDQJOHPHQW GHJUHH RI SRO\PHUL]DWLRQ

RI WKH SRO\PHUV $ DQG %� UHVSHFWLYHO\�� WKH 2QVDJHU FRHIIL�

FLHQWV0$ DQG0% PD\ EH H[SUHVVHG DV IROORZV�

��D�

��E�

ZKHUH %�$ DQG %�% DUH WKH FXUYLOLQHDU 5RXVH PRELOLWLHV �RU

PRQRPHU PRELOLW\� RI WKH $ DQG % VHJPHQWV� UHVSHFWLYHO\

DQG I LV WKH YROXPH IUDFWLRQ RI SRO\PHU $�

)RU WKH LQWHUGLIIXVLRQ RI FKHPLFDOO\ LGHQWLFDO SRO\PHUV

ZLWK LVRWRSH HIIHFW �χ ! � � χ LV WKH LQWHUDFWLRQ SDUDPHWHU

EHWZHHQ PRQRPHUV RI SRO\PHUV $ DQG %� RU SRO\PHUV ZLWK

VLPLODU SK\VLFDO SURSHUWLHV RI GLIIHUHQW PROHFXODU ZHLJKW�0$

 φ %�1H �1$ DQG0% ��−φ �%�1H �1%� +HUH ZH DVVXPH WKDW

WKH PRQRPHU PRELOLW\ �%�� LV LQGHSHQGHQW RI φ VLQFH� LQ WKH

V\VWHP OLNH WKH DERYH� WKH PRELOLW\ LV UHODWLYHO\ LQGHSHQGHQW

RI FRPSRVLWLRQ DFURVV WKH LQWHUIDFH�

7KH FKHPLFDO SRWHQWLDO IRU HDFK FRPSRQHQW LV REWDLQHG IURP

WKH IXQFWLRQDO GHULYDWLYH RI WKH WRWDO IUHH HQHUJ\ ZLWK UHVSHFW

WR WKH YROXPH IUDFWLRQ RI WKDW FRPSRQHQW� 7KXV� WKH FKHPLFDO

SRWHQWLDO JUDGLHQW LV REWDLQHG IURP WKH GHULYDWLYH RI FKHPL�

FDO SRWHQWLDO ZLWK UHVSHFW WR WKH GLIIXVLRQ D[LV� 7KH WRWDO IUHH

HQHUJ\ ZLWK DQ H[WHQVLRQ RI WKH )ORU\�+XJJLQV WKHRU\� DOORZ�

LQJ IRU VSDWLDO YDULDWLRQV RI φ� WDNHV D IROORZLQJ IRUP�

���

ZKHUH I �φ� LV WKH )ORU\�+XJJLQV IUHH HQHUJ\ GHQVLW\ RI WKH
V\VWHP DQG WKH VHFRQG WHUP DFFRXQWV IRU WKH &DKQ�+LOOLDUG

LQWHUIDFLDO HQHUJ\�� DVVRFLDWHG ZLWK WKH VSDWLDO YDULDWLRQ RI

WKH FRPSRVLWLRQ� 7KH FKDUDFWHULVWLF OHQJWK D LV DVVXPHG WR EH

WKH VDPH IRU $ DQG %� :H DOVR DVVXPH WKDW WKH SRO\PHU�

YDFDQF\ LQWHUDFWLRQ SDUDPHWHU LV QHJOLJLEOH VLQFH WKH FRQFHQ�

WUDWLRQ RI YDFDQFLHV LV DQ RUGHU RI PDJQLWXGH ORZHU WKDQ WKH

SRO\PHU FRQFHQWUDWLRQ�

7KH FKHPLFDO SRWHQWLDO JUDGLHQWV FDQ EH IRXQG IURP (T� ����

��D�

��E�

,Q DUULYLQJ DW (T� ���� ZH KDYH QHJOHFWHG QRQOLQHDU WHUPV

LQYROYLQJ DQG � � ��� ,I WKH WZR VSHFLHV $ DQG

% DUH QRW WRR GLIIHUHQW� χ LV VPDOO� LQ WKH SUHVHQW SDSHU� ZH

FRQFHUQ RQO\ ZLWK WKH FDVH RI VPDOO SRVLWLYH χ�
6LQFH SRO\PHUV $ DQG % KDYH XQHTXDO LQWULQVLF GLIIXVLRQ

FRHIILFLHQWV� -$ LV QRW HTXDO WR -%� ,Q WKH LQFRPSUHVVLEOH SRO\�

PHU V\VWHP� WKHVH XQHTXDO IOX[HV FDXVH VZHOOLQJ RI D KLJK

PROHFXODU ZHLJKW SRO\PHU PDWUL[ E\ VPDOO PROHFXOHV� 7KH

VZHOOLQJ FDQ EH FRPSDUHG WR WKH HIIHFWLYH ¦EXON IORZ§ FDOOHG

E\ &UDQN��� DQG LW UHGXFHV RU LQFUHDVHV WKH QHW WUDQVIHU RI

SRO\PHU VHJPHQWV $ DQG % DFURVV WKH LQWHUIDFH� 7KH EXON

IORZ PHDQV WKH VKLIW RI WKH LQWHUIDFH EHWZHHQ WZR SRO\PHU

VODEV RI GLIIHUHQW PROHFXODU ZHLJKWV� $V LQWHUGLIIXVLRQ SUR�

JUHVVHV� WKH VKLIW ZLOO EH WRZDUG WKH ORZHU PROHFXODU ZHLJKW

VLGH� 7KH DPRXQW RI VZHOOLQJ LV UHODWHG WR WKH QHW IOX[ RI

YDFDQFLHV DFURVV WKH LQWHUIDFH� 7KHUHIRUH� WKH WRWDO IOX[ RI $

LV JLYHQ E\ WKH IROORZLQJ UHODWLRQV�

���

&RQVHUYDWLRQ RI $ VHJPHQWV OHDGV WR�

���

DQG FRPELQLQJ (TV� ��� DQG ��� ZLWK ��� JLYHV�

���

ZKHUH '$ � %�1H�1$
�� LV WKH VHOI GLIIXVLRQ FRHIILFLHQW RI

KLJKO\ HQWDQJOHG OLQHDU SRO\PHU $ LQ WKH PHOW DQG 5 � 1%�

1$� UHSUHVHQWV WKH PROHFXODU ZHLJKW UDWLR� 7KH LQWHUIDFLDO

SDUDPHWHU . � 1$ D
���� KDV WKH PDJQLWXGH RI WKH VTXDUH RI

WKH UDGLXV RI J\UDWLRQ�

:H QRZ ZULWH WKH (T� ��� LQ GLPHQVLRQOHVV IRUP YLD VFDO�

LQJ WKH OHQJWK DQG WKH WLPH� ,W LV DVVXPHG WKDW WKH IOX[ LV RQH�

GLPHQVLRQDO �GHQRWHG E\ WKH [�D[LV� LQ WKH GLUHFWLRQ SHUSHQ�
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,QWHUGLIIXVLRQ DW ,QWHUIDFHV RI 3RO\PHUV ZLWK 6LPLODU 3K\VLFDO 3URSHUWLHV %XOO� .RUHDQ &KHP� 6RF� ����� 9RO� ��� 1R� � ���

GLFXODU WR WKH LQWHUIDFH� 7KH OHQJWK LV VFDOHG E\ WKH QDWXUDO

OHQJWK . ��� LQ WKH (T� ��� DQG ZH PDNH WKH FRQYHUVLRQ [�. ���

→ [� 7KH WLPH LV VFDOHG ZLWK WKH XQLW τ  �.�'$� ZKLFK LV RQ

WKH RUGHU RI WKH UHSWDWLRQ WLPH RI D VLQJOH FKDLQ LQ WKH PHOW�

DQG ZH WUDQVIRUP W�τ → W� )LQDOO\ WKH FRPSRVLWLRQ YDULDEOH LV

UHGHILQHG DV ψ  ��φ − ×� VR WKDW WKH RUGHU SDUDPHWHU ψ
WDNHV YDOXHV EHWZHHQ �� �SXUH $� DQG −� �SXUH %� DV WKH

FRPSRVLWLRQ φ GURSV IURP � WR ]HUR� :H KDYH DOVR PDGH D

FKDQJH RI QRWDWLRQ� 1$χ → χ� ZKHUH χF  � LQ WKH FULWLFDO

SRLQW RI WKH V\PPHWULF FDVH �1$ 1%��
�� 7KH UHVXOW LQ WHUPV RI

WKH UHVFDOHG YDULDEOHV LV JLYHQ E\ WKH IROORZLQJ HTXDWLRQ�

����

7KH ILUVW WHUP DFFRXQWV IRU WKH GLIIHUHQFHV LQ PROHFXODU

ZHLJKWV RI WKH WZR SRO\PHUV� WKH VHFRQG WHUP LQYROYLQJ

DFFRXQWV IRU WKH IUHH HQHUJ\ RI PL[LQJ� DQG WKH WKLUG

WHUP LQYROYLQJ DFFRXQWV IRU WKH SUHVHQFH RI DQ

LQWHUIDFH VHSDUDWLQJ WKH WZR LQFRPSDWLEOH SKDVHV�

7KH DERYH HTXDWLRQ LV VROYHG E\ DSSOLFDWLRQ RI WKH VWDQ�

GDUG &UDQN�1LFKROVRQ PHWKRG�� ZLWK ∆W  ����DQG ∆[  ����
7KH JULG SRLQWV DUH ���� VR WKDW WKH WRWDO WKLFNQHVV LV ���. ����

:H WDNH WKH LQLWLDO LQWHUIDFH RI WKH ELOD\HU DV ���∆[� 7KH
ERXQGDU\ FRQGLWLRQ LV  � DQG  � DW WKH

RXWHU WZR HQGV RI WKH ELOD\HU�

5HVXOWV DQG 'LVFXVVLRQ

%LQDU\ SRO\PHU PL[WXUHV ZLWK VLPLODU SK\VLFDO SURSHUWLHV

DUH FKDUDFWHUL]HG E\ WKH XSSHU FULWLFDO VROXWLRQ WHPSHUDWXUH�

7KHUHIRUH� WKH WZR SRO\PHUV DUH SDUWLDOO\ PLVFLEOH DW WKH

WHPSHUDWXUH ORZHU WKDQ WKH FULWLFDO SRLQW IRU PLVFLELOLW\� :H

DUH LQWHUHVWHG LQ WKH LQWHUGLIIXVLRQ QHDU WKH FULWLFDO SRLQW� 7KH

WUDQVSRUW SKHQRPHQD ZLOO DSSHDU QRQ�)LFNLDQ DW WKH ELSKDVLF

UHJLRQ DQG DV\PPHWULF LQ WKH SRO\PHUV ZLWK WKH GLIIHUHQW

PROHFXODU ZHLJKW� 2XU QXPHULFDO UHVXOWV DUH SUHVHQWHG DV

IROORZV� ,Q )LJXUH �� WKH FRPSRVLWLRQ SURILOHV IRU χ  ���� ����

���� DQG ��� DUH SORWWHG DW W ����τ DIWHU RQVHW RI WKH LQWHUGLI�
IXVLRQ� ZKHUH WKH PROHFXODU ZHLJKW UDWLR 5 LV � DQG WKH FULWL�

FDO SRLQW LV χF  ���� IRU 5 � LQ WKH IROORZLQJ HTXDWLRQ� χF 

��� �����5���������� :H FDQ FOHDUO\ VHH WKH HIIHFW RI WHPSHU�

DWXUH �RU χ�YDOXH� RQ WKH LQWHUGLIIXVLRQ DW WKH FRQVWDQW PROH�
FXODU ZHLJKW DV VKRZQ LQ )LJXUH �� 7KH WUDQVSRUW SKHQRPHQD

LQ WKH ELOD\HU ZHUH IRXQG WR GHSHQG VWURQJO\ RQ WKH WKHUPR�

G\QDPLF FRQGLWLRQV VXFK DV WHPSHUDWXUH� LQWHUDFWLRQ SDUDPH�

WHUV EHWZHHQ SRO\PHUV $ DQG %� DQG PROHFXODU ZHLJKWV RI $

DQG %� ,Q WKLV SDSHU� ZH GHDO ZLWK WKH G\QDPLF HIIHFWV RI

WHPSHUDWXUH DQG PROHFXODU ZHLJKW RQ WKH LQWHUGLIIXVLRQ GULYHQ

E\ WKH WKHUPRG\QDPLF IRUFHV� $FFRUGLQJ WR WKH UHSWDWLRQ

PRGHO��� WKH UHSWDWLRQ RU GLVHQJDJHPHQW WLPH τG LV JLYHQ E\�

����

ZKHUH 1 LV WKH GHJUHH RI SRO\PHUL]DWLRQ� E LV WKH VWDWLVWLFDO

VHJPHQWV OHQJWK� DQG ' LV WKH VHOI�GLIIXVLRQ FRHIILFLHQW IRU

WKH FHQWHU RI PDVV��� $V WKH ' LV SURSRUWLRQDO WR WKH WHPSHU�

DWXUH� WKH τG LV LQYHUVHO\ SURSRUWLRQDO WR WKH WHPSHUDWXUH�

0RUHRYHU� RQH FDQ FDOFXODWH WKDW τG GHSHQGV RQ PROHFXODU

ZHLJKW E\ DQ H[SRQHQW RI � E\ XVLQJ WKH 1 −� GHSHQGHQFH RI

WKH GLIIXVLRQ FRHIILFLHQW� 7KHUHIRUH� DW WKH KLJKHU WHPSHUD�

WXUH� WKH UHSWDWLRQ WLPH RI WKH SRO\PHUV LQ WKH HQWDQJOHG

SRO\PHU PHOW LV VKRUWHU DQG WKH SRO\PHUV ZLOO PRYH IDVWHU�

7KXV� SRO\PHUV ZLOO LQWHUGLIIXVH EHWWHU LQWR WKH RWKHU SRO\�

PHU VKHHW DW WKH KLJKHU WHPSHUDWXUH �L�H�� DW WKH ORZHU χ�YDOXH
ZKLFK LV LQYHUVHO\ SURSRUWLRQDO WR WKH WHPSHUDWXUH�� $V

VKRZQ LQ )LJXUH �� WKH LQWHUGLIIXVLRQ VSHHGV DW IRXU GLIIHUHQW

WHPSHUDWXUHV EHORZ WKH FULWLFDO WHPSHUDWXUH 7F� DJUHH ZHOO

ZLWK RXU SUHGLFWLRQ� +RZHYHU� WKH UHODWLYH VSHHG RI WKH LQWHU�

GLIIXVLRQ RI WKH SRO\PHUV $ DQG % DW HDFK WHPSHUDWXUH LV GLI�

IHUHQW GXH WR WKH HIIHFW RI WKH PROHFXODU ZHLJKWV� 7KH UDWLR RI

WKH PROHFXODU ZHLJKWV IRU VKRUWHU PROHFXOHV $� LV � LQ )LJXUH

�� 7KH DVVXPSWLRQ LV WKDW WKH SRO\PHUV PRYH YLD UHSWDWLRQ

LQWR YDFDQFLHV WKDW DUH GXH WR WKHUPDO IOXFWXDWLRQV FRQWLQX�

RXVO\ FUHDWHG DQG GHVWUR\HG� $FFRUGLQJ WR WKH KLJKHU PRELO�

LW\ RI VPDOOHU PROHFXOHV FRPSDUHG WR WKH ODUJHU RQHV� SRO\PHUV

$ DUH PRUH OLNHO\ WR GLIIXVH LQWR YDFDQFLHV� 7KHUHIRUH� WKH

VKRUWHU SRO\PHUV $ GLIIXVH IDVWHU DQG PRUH GHHSO\ LQWR WKH

SKDVH RI WKH ORQJHU SRO\PHUV %� &RQVHTXHQWO\ GLIIHUHQW

SRO\PHU IOX[HV FURVV WKH LQWHUIDFH� 7KLV LV DFFRPSDQLHG E\ D

IOX[ RI YDFDQFLHV DQG OHDGV WR D VKLIW RI WKH SRVLWLRQ RI WKH

LQWHUIDFH� 7KH VKLIW ZLOO EH WRZDUG WKH ORZHU PROHFXODU

ZHLJKW VLGH LQ RUGHU WR FRPSHQVDWH IRU WKH QHW IOX[� 2QH

PLJKW FRPSDUH WKLV SURFHVV WR WKH VZHOOLQJ RI SRO\PHUV� 7KH

DPRXQW RI WKH VZHOOLQJ LV UHODWHG WR WKH QHW IOX[ RI YDFDQFLHV

DFURVV WKH LQWHUIDFH� 7KH YDFDQF\ IOX[ ZLOO EH GHWHFWDEOH E\

PDUNHU PRYHPHQW LQ WKH H[SHULPHQWV� :H GHILQH WKH LQWHU�

IDFH SRVLWLRQ DW ψ  � LQ )LJXUH � DV WKH UHI � GLG� LQ RUGHU WR

FRPSDUH ZLWK H[SHULPHQWDO GDWD� 7KH LQWHUIDFH VKLIW ∆[ LV
GHILQHG DV WKH GLVWDQFH IURP WKH SRVLWLRQ RI WKH LQWHUIDFH DW W

 �τ� )LJXUH � VKRZV SORWV RI ∆[ YHUVXV W��� IRU χ  ���� ����

���� DQG ��� ZLWK 5  �� 7KH VROLG OLQHV DUH WKH OLQHDU OHDVW

VTXDUH ILWV WR WKH GDWD� 7KH LQWHUIDFH VKLIW LQFUHDVHV OLQHDUO\

ZLWK W��� DW DOO GLIIXVLRQ WHPSHUDWXUHV� +RZHYHU� WKH VORSHV RI
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)LJXUH �� &RPSRVLWLRQ SURILOH RI WKH ORZHU PROHFXODU ZHLJKW
SRO\PHU $ IRU χ  ���� ���� ���� DQG ��� DW W  ����τ DQG 5 � 1%�1$�
 �� χ F  ���� IRU 5 �� 7KH WLPH LV H[SUHVVHG LQ XQLWV RI τ � �.�'$�
DQG OHQJWK LQ XQLWV RI ���. ����



��� %XOO� .RUHDQ &KHP� 6RF� ����� 9RO� ��� 1R� � :RRQ &KXQ .LP HW DO�

WKH VWUDLJKW OLQHV ILWWHG WR WKH GDWD DUH GLIIHUHQW� 7KH LQWHUIDFH

VKLIW �RU EXON IORZ� LQFUHDVHV ZLWK WHPSHUDWXUH RZLQJ WR WKH

JURZLQJ GLIIHUHQFH RI WKH LQWULQVLF GLIIXVLRQ FRHIILFLHQWV RI

SRO\PHUV $ DQG %� 7KH LQWHUIDFH EHKDYLRUV LQ )LJXUH � DJUHH

ZHOO ZLWK WKH H[SHULPHQWDO GDWD����

7KH IROORZLQJ H[SUHVVLRQ IRU WKH GLVSODFHPHQW RI WKH

LQWHUIDFH LV JLYHQ E\ *UHHQ HW DO���

����

ZKHUH ∆[
 LV WKH VKLIW RI WKH LQWHUIDFH� & LV D FRQVWDQW DQG 'V

LV WKH GLIIXVLRQ FRQVWDQW RI WKH VPDOOHU PROHFXOHV� 7KHUHIRUH�

WKH LQWHUIDFH VKLIW VKRXOG EH SURSRUWLRQDO WR W
 ��� DQG WKH

VORSH RI D SORW RI ∆[
 YV� W
 ��� VKRXOG JLYH &�'V�
���� ,Q RXU

SDSHU� WKH OHQJWK ZDV VFDOHG E\ . ��� DQG WKH WLPH ZDV DOVR

VFDOHG ZLWK WKH XQLW �.�'$� 7KH (T� ���� XVLQJ RXU VFDOHG

YDULDEOHV LV FRQYHUWHG DV IROORZV�

����

)URP WKH VORSHV RI WKH OLQHDU ILWV LQ )LJXUH �� & LV GHWHUPLQHG

DV D IXQFWLRQ RI F XVLQJ WKH (T� ���� DQG WKH UHVXOWV DUH GLV�

SOD\HG LQ )LJXUH �� 0HDVXUHPHQWV RI WKH LQWHUIDFH VKLIW LQ WKH

H[SHULPHQWV ZLWK 5 � FDQ EH FRQYHUWHG XVLQJ )LJXUH � LQWR

YDOXHV RI 'V IRU WKH WHPSHUDWXUH �RU χ�YDOXH� QHDU WKH FULWLFDO

SRLQW� ,Q )LJXUH �� WKH VORSH RI WKH LQWHUIDFH LV GLIIHUHQW DW WKH

GLIIHUHQW WHPSHUDWXUH� 7KXV� RXU UHVXOWV VKRZ WKDW WKH LQWHU�

GLIIXVLRQ EHKDYLRU LV PRUH DV\PPHWULF DQG WKH VORSH LV VWHHSHU

DW WKH ORZHU WHPSHUDWXUH� )LJXUH � VKRZV DEVROXWH YDOXHV RI

WKH VORSHV DW WKH LQWHUIDFH �ψ  �� RI )LJXUH �� ,Q )LJXUH ��

ZH DOORZ WKH V\VWHP WR HYROYH ��� WLPH VWHSV � ����τ�� $
UHDVRQ IRU WKH GLIIHUHQFH RI VORSH ZLWK WHPSHUDWXUH LV WKDW WKH

V\VWHP DW WKH ORZHU WHPSHUDWXUH OLHV PRUH FORVHO\ WR WKH

LQFRPSDWLEOH WZR�SKDVH UHJLRQ DQG WKH SRO\PHUV EHFRPH

OHVV PLVFLEOH� 7KHUHIRUH� WKH LQWHUIDFH UHYHDOV PRUH GLVWLQFW

ERXQGDU\ EHWZHHQ WZR SRO\PHUV DW WKH ORZHU WHPSHUDWXUH�

:H FDQ VHH WKH GHJUHH RI WKH GLVWLQFW ERXQGDU\ E\ WKH VORSH

RI WKH LQWHUIDFH� )LJXUH � VKRZV WKH PDVV WUDQVSRUW DFURVV WKH

LQLWLDO LQWHUIDFH DFFRUGLQJ WR WKH WHPSHUDWXUH DQG GLIIXVLRQ

WLPH� 7KH PDVV WUDQVSRUW LV FDOFXODWHG DV IROORZV�

0DVV WUDQVSRUW  ����

7KH YDULDWLRQV RI WKH PDVV WUDQVSRUW UHYHDO OLQHDU UHODWLRQ

WR WKH χ�YDOXH UHJDUGOHVV RI WKH GLIIXVLRQ WLPH� 7KHVH EHKDY�
LRUV DUH VLPLODU WR WKH OLQHDU UHODWLRQ EHWZHHQ LQWHUIDFH VKLIW

DQG χ�YDOXH DV VKRZQ LQ LQVHW RI )LJXUH �� $IWHUZDUGV� ZH
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)LJXUH �� ,QWHUIDFH VKLIW YHUVXV VTXDUH URRW RI GLIIXVLRQ WLPH IRU χ
 ���� ���� ���� DQG ��� DW 5 �� 7KH XQLWV DUH WKH VDPH DV LQ )LJXUH ��

)LJXUH �� &RPSXWHG LQWHUIDFH VKLIW IDFWRU & LQ (T� ���� DJDLQVW
WKH χ�SDUDPHWHU IRU 5 ��

)LJXUH �� $EVROXWH YDOXH RI WKH VORSH DW WKH LQWHUIDFH DQG LQWHUIDFH
VKLIW �LQVHW� DJDLQVW WKH χ�SDUDPHWHU IRU 5 � DQG W ����τ�

)LJXUH �� 0DVV WUDQVSRUW FDOFXODWHG IURP WKH (T� ���� YV� WKH χ�
SDUDPHWHU IRU 5 � DW IRXU FRQVHFXWLYH WLPH W  ��τ� ���τ� ���τ� DQG
����τ�



,QWHUGLIIXVLRQ DW ,QWHUIDFHV RI 3RO\PHUV ZLWK 6LPLODU 3K\VLFDO 3URSHUWLHV %XOO� .RUHDQ &KHP� 6RF� ����� 9RO� ��� 1R� � ���

ZLOO FRPSDUH WKH G\QDPLF HIIHFWV RI WHPSHUDWXUH RQ WKH

VORSH RI LQWHUIDFH� LQWHUIDFH VKLIW� DQG PDVV WUDQVSRUW ZLWK WKH

G\QDPLF HIIHFWV RI WKH PROHFXODU ZHLJKW�

1RZ� XVLQJ RXU PRGHO� ZH ZLOO GLVFXVV WKH HIIHFWV RI PROH�

FXODU ZHLJKW RQ WKH LQWHUGLIIXVLRQ XQGHU WKH FRQVWDQW WHPSHU�

DWXUH� 7KH FRPSRVLWLRQ SURILOHV RI WKH ORZHU ZHLJKW SRO\PHU

$ IRU 5  �� ���� �� DQG � DUH VKRZQ LQ )LJXUH �� 7KH χ�YDOXH
LV ��� DQG WKH GLIIXVLRQ WLPH LV ����τ IRU DOO WKH PROHFXODU
ZHLJKW UDWLRV� 7KH LQWHUGLIIXVLRQ LQ )LJXUH � LV V\PPHWULF��

IRU 5 �� $V 5 EHFRPHV PRUH WKDQ �� WKH FXUYHV DSSURDFK DQ

DV\PSWRWLF VKDSH� 7KHVH DUH WKH UHDVRQ WKH LQWULQVLF GLIIXVLRQ

FRHIILFLHQW RI WKH FKDLQ GHFUHDVHV DV 1 −�� &RQVHTXHQWO\� WKH

GLIIHUHQFH RI WKH SRO\PHU IOX[HV $ DQG % DFURVV WKH LQLWLDO

LQWHUIDFH EHFRPHV JUHDWHU DV 5 JURZV PRUH WKDQ �� 7KH VSHHG

RI WKH LQWHUGLIIXVLRQ� KRZHYHU� UHYHDOV RSSRVLWH UHVXOW� 1DPHO\�

WKH LQWHUGLIIXVLRQ VSHHG LV LQYHUVHO\ SURSRUWLRQDO WR WKH

PROHFXODU ZHLJKW UDWLR 5 LQ )LJXUH �� 7KH FULWLFDO SRLQW LV χF

 ����� ����� DQG ���� IRU 5 ���� �� DQG �� UHVSHFWLYHO\���������

7KHUHIRUH� WKH FRQVWDQW χ�YDOXH RI ��� SXWV WKH V\VWHP PRUH

GHHSO\ LQWR WKH WZR�SKDVH UHJLRQ DQG PDNHV WKH WZR SRO\�

PHUV PRUH LQFRPSDWLEOH� IRU WKH ODUJHU 5� 7KH LQWHUGLIIXVLRQ

EHKDYLRUV LQ )LJXUH � DJUHH ZHOO ZLWK WKH VLPXODWLRQ GDWD��

7KH LQWHUIDFH VKLIW YHUVXV W��� IRU WKH YDULRXV PROHFXODU

ZHLJKW UDWLRV DW χ  ��� LV SORWWHG LQ )LJXUH �� 7KH VROLG OLQHV

DUH WKH EHVW VWUDLJKW ILWV WR WKH GDWD� ,Q WKH V\PPHWULF FDVH

�5 ��� WKHUH LV QR LQWHUIDFH VKLIW RZLQJ WR WKH VDPH IOX[HV RI

SRO\PHUV $ DQG %� +RZHYHU� WKH LQWHUIDFH VKLIW LQFUHDVHV LQ

SURSRUWLRQ WR WKH PROHFXODU ZHLJKW UDWLR IRU 5 ! �� 6LQFH WKH

ORZHU PROHFXODU ZHLJKW FKDLQV $ GLIIXVH IDVWHU WKDQ WKH KLJK

PROHFXODU ZHLJKW FKDLQV %� WKH LQWHUIDFH VKLIWV PRYH WR WKH

ORZ PROHFXODU ZHLJKW VLGH RI WKH GLIIXVLRQ FRXSOH DW D UDWH�

ZKLFK UHIOHFWV WKH GLIIXVLRQ FRHIILFLHQW RI WKH IDVWHU GLIIXVLQJ

�WKH ORZ PROHFXODU ZHLJKW� VSHFLHV $��2XU UHVXOWV LQ )LJXUH

� DJUHH ZHOO ZLWK WKH EHKDYLRUV RI WKH H[SHULPHQWDO GDWD����

%\ WKH ZD\� WKH LQFUHPHQW RI WKH LQWHUIDFH VKLIW LV UHGXFHG

ZLWK WKH 5�YDOXH DV VKRZQ LQ LQVHW RI )LJXUH �� 7KRVH WUHQGV

UHODWH WR WKH FRQVWDQW &� 7KH VORSH RI WKH HDFK OLQH LQ )LJXUH

� \LHOGV WKH FRQVWDQW & LQ (T� ����� )URP WKH (T� ����� & LV

GHWHUPLQHG DV D IXQFWLRQ RI 1$�1% � ��5� DQG WKH UHVXOWV DUH

GLVSOD\HG LQ )LJXUH �� 7KH YDOXH RI & DSSURDFKHV D OLPLWLQJ

YDOXH RI ���� DV 1$�� 1%� ZKLFK LV VLPLODU WR ���� RI UHI ��

8VLQJ )LJXUH �� PHDVXUHPHQWV RI LQWHUIDFH VKLIW ZLWK ��5 LQ

WKH H[SHULPHQW FDQ JLYH YDOXHV RI'V IRU DQ\ GLIIHUHQW 1$ DQG

)LJXUH �� &RPSRVLWLRQ SURILOH RI WKH ORZHU PROHFXODU ZHLJKW
SRO\PHU $ IRU VHYHUDO PROHFXODU ZHLJKW UDWLRV �5 �� ���� �� DQG ��
DW W ����τ DQG χ  ���� 7KH XQLWV DUH WKH VDPH DV LQ )LJXUH ��

)LJXUH �� ,QWHUIDFH VKLIW YHUVXV VTXDUH URRW RI GLIIXVLRQ WLPH IRU 5
 �� ���� �� DQG � DW χ  ���� 7KH XQLWV DUH WKH VDPH DV LQ )LJXUH ��

)LJXUH �� &RPSXWHG LQWHUIDFH VKLIW IDFWRU & LQ (T� ���� DJDLQVW
WKH PROHFXODU ZHLJKW UDWLR RI SRO\PHU $ WR SRO\PHU %�

)LJXUH �� $EVROXWH YDOXH RI WKH VORSH DW WKH LQWHUIDFH DQG LQWHUIDFH
VKLIW �LQVHW� DJDLQVW WKH PROHFXODU ZHLJKW UDWLR 5 DW W ����τ DQG χ
 ����



��� %XOO� .RUHDQ &KHP� 6RF� ����� 9RO� ��� 1R� � :RRQ &KXQ .LP HW DO�

1% DW χ  ���� )LJXUH � VKRZV� LQ WKH WLPH τ  ����τ� WKH DEVR�
OXWH YDOXHV RI WKH VORSHV YHUVXV 5 DW WKH LQWHUIDFH RI )LJXUH ��

,Q WKH KLJKHU 5� WKH VORSH LV VWHHSHU EXW GHFUHDVHV LQ WKH UDWH

RI LQFUHDVH� 7KH LQWHUIDFH VKLIW LV DOVR SURSRUWLRQDO WR WKH

PROHFXODU ZHLJKW UDWLR EXW UHGXFH LQ WKH LQFUHDVLQJ UDWH DV

VKRZQ LQ LQVHW RI )LJXUH �� )RU WKH FRQVWDQW χ�YDOXH �χ  �����

WKH ODJHU 5� WKH GHHSHU WKH V\VWHP OLHV LQWR WKH WZR�SKDVH

UHJLRQ� 7KHUHIRUH� WKH LQWHUIDFH UHYHDOV WKH QDUURZHU LQWHU�

IDFH ZLGWK DQG WKH VORSH LV VODQWHU� IRU WKH ODUJHU 5� )XUWKHU�

PRUH� VLQFH WKH VKRUW SRO\PHUV $ RI WKH ODUJHU 5�YDOXH GLIIXVH

IDVWHU FRPSDUHG ZLWK RQHV RI WKH VPDOOHU 5�YDOXH� WKH LQWHU�

IDFH VKLIW LQFUHDVHV ZLWK 5 WR FRPSHQVDWH IRU WKH GLIIHUHQFH

RI WKH PDWHULDOV FURVVLQJ WKH LQWHUIDFH� &RPSDULQJ )LJXUH �

IRU WKH FRQVWDQW χ�YDOXH ZLWK WKH )LJXUH � IRU WKH FRQVWDQW 5�
YDOXH� ZH FDQ VHH WKH IROORZLQJ UHVXOWV� %RWK WKH VORSH RI WKH

LQWHUIDFH DQG WKH LQWHUIDFH VKLIW LQ )LJXUH � LQFUHDVH ZLWK 5�

YDOXH� ZKLOH LQ )LJXUH � WKH VORSH RI WKH LQWHUIDFH LQFUHDVH

EXW WKH LQWHUIDFH VKLIW GHFUHDVH ZLWK χ�YDOXH� )LJXUH ��

VKRZV WKH PDVV WUDQVSRUW GHILQHG DV (T� ���� DW χ  ����

7KH PDVV WUDQVSRUWV DFURVV WKH LQLWLDO LQWHUIDFH DUH LQYHUVHO\

SURSRUWLRQDO WR WKH 5�YDOXH� )LQDOO\� ZH DUH DEOH WR FRQFOXGH

WKDW PDVV WUDQVSRUWV DUH PRUH DIIHFWHG E\ WKH 5�YDOXH �� � 5

� �� WKDQ E\ WKH χ�YDOXH FRPSDULQJ )LJXUH �� ZLWK )LJXUH ��

&RQFOXVLRQV

,QWURGXFLQJ WKH &DKQ�+LOOLDUG LQWHUIDFLDO HQHUJ\ DQG YDFDQF\

IOX[ LQWR WKH H[LVWLQJ PRGHO DQG VLPSOLI\LQJ WKH GLIIXVLRQ

HTXDWLRQ E\ UHVFDOLQJ WKH YDULDEOHV� ZH FDQ GHULYH WKH G\�

QDPLFDO LQWHUGLIIXVLRQ HTXDWLRQ DSSOLHG WR WKH SRO\PHU SDLU

ZLWK VLPLODU SK\VLFDO SURSHUWLHV� WR SUHGLFW WKH FRPSRVLWLRQ

SURILOH DW WKH LQWHUIDFH EHORZ WKH FULWLFDO WHPSHUDWXUH� 8VLQJ

RXU PRGHO� ZH FDQ VHH WKH G\QDPLF HIIHFWV RI WKH WHPSHUD�

WXUH DQG WKH PROHFXODU ZHLJKW UDWLR RQ WKH LQWHUGLIIXVLRQ�

7KH FRPSRVLWLRQ SURILOHV DUH DV\PPHWULF IRU WKH GLIIHUHQW

PROHFXODU ZHLJKW DV ZH DQWLFLSDWHG DQG DJUHH ZHOO ZLWK WKH

EHKDYLRUV RI WKH VLPXODWLRQ GDWD� 7KH LQWHUIDFH VKLIWV FDOFX�

ODWHG IURP WKH FRPSRVLWLRQ SURILOHV VKRZ WKH H[DFW OLQHDU

GHSHQGHQFH RQ W���� ZKLFK DJUHH ZHOO ZLWK WKH H[SHULPHQWDO

UHVXOWV� )XUWKHUPRUH� WKH FRQVWDQW & FDOFXODWHG IURP WKH (T�

���� FDQ EH FRQYHUWHG XVLQJ )LJXUH � DQG )LJXUH � LQWR WKH

YDOXHV RI 'V IRU WKH OLPLWHG GLIIHUHQW WHPSHUDWXUH DQG PROH�

FXODU ZHLJKW UDWLR� &RPSDULQJ )LJXUH � ZLWK )LJXUH ���

WKRXJK RXU UHVXOWV DUH FRQILQHG WR WKH FHUWDLQ WHPSHUDWXUH DQG

PROHFXODU ZHLJKW UDWLR� ZH FDQ VHH WKDW WKH PROHFXODU ZHLJKW

UDWLR KDV ODUJHU HIIHFWV RQ WKH PDVV WUDQVSRUW RI WKH LQWHUGLI�

IXVLRQ WKDQ WKH WHPSHUDWXUH� QHDU WKH FULWLFDO SRLQW� 7KHUH�

IRUH� WKHVH UHVXOWV VXJJHVW WKDW ZH FDQ FRQWURO� XQGHU WKH

OLPLWHG FRQGLWLRQV� WKH PDVV WUDQVSRUW EHWZHHQ WKH SRO\PHU

SDLUV ZLWK VLPLODU SK\VLFDO SURSHUW\ PRUH HIILFLHQWO\ E\

YDU\LQJ WKH PROHFXODU ZHLJKW UDWLR WKDQ E\ YDU\LQJ WKH WHP�

SHUDWXUH� QHDU WKH FULWLFDO SRLQW�

$FNQRZOHGJPHQW� )LQDQFLDO VXSSRUW �LQ SDUW� IURP WKH

%UDLQ .RUHD �� SURJUDP LV JUDWHIXOO\ DFNQRZOHGJHG�
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