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In the reaction A + B 2 C, where A and B are ionic reactants having opposite charges, a B molecule
approaching an A will experience a switching of the interaction potential when the A molecule is captured by
one of the other B molecules in the medium. In the reversible case, the former B molecule still has a chance to
react with the A, so that one needs to take into account the switched interaction between the reactant B and the
product C as well as that between the reactants to treat the kinetics accurately. It is shown that this kind of
interaction potential switching affects the relaxation kinetics in an intriguing way as observed in a recent

experiment on an excited-state proton transfer reaction.
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Introduction

Relaxation kinetics methods have been widely used to
measure the forward and reverse reaction rates of very rapid
reactions."? These methods usually assume that the chemical
relaxation proceeds exponentially. However, when the
molecular diffusion is slow compared to the inherent reaction
rate, the long-time relaxation follows power-law decay.>” In
addition, the relaxation kinetics at an intermediate time can
be quite complicated due to the many-particle effects.

To get a better understanding on the many-particle effects,
the reversible association-dissociation reaction, A + B 2 C,
has been studied intensively over the last decade from various
theoretical perspective,”* and also via experiments®>~’ and
computer simulations.”'>3*33 From these efforts, a very
accurate analytic theory has finally emerged, which is in
almost perfect agreement with computer simulation results
over the whole time range,”' and an exact analytic result has
also been obtained for the asymptotic relaxation kinetics.’
However, when there is a strong interaction potential between
the reactants, an accurate theory applicable over the whole
time range is still lacking. In this paper, we extend the many-
particle kernel (MPK) theory developed in Refs. and to take
into account the effect of Coulomb interaction potential
between reactants.

The theory will be developed in the context of the
reversible excited-state proton transfer reaction, which can
be represented schematically as AH* @ A*” + H". In a
solution, the proton is coordinated with a solvent molecule,
which is implicit in the scheme. By lowering the pH value of
solution, we may have [H*] >> [AH*] + [A*"]. The theory
can be applied to this pseudo-first-order case as well as the

geminate recombination case. An interesting aspect of this
reaction system is that H" ions approaching an A*~ will
experience a switching of the interaction potential when the
A*" molecule is captured by one of the H" ions. None of the
previous theories dealt with this dichotomously fluctuating
potential field effect. Therefore, the present theoretical
extension would help to understand the subtle relaxation
kinetic behaviors observed for an excited-state proton transfer
reaction system.

Theory

We will consider a general reaction scheme, A* + B 2
C*, where A* and B molecules have opposite charges of the
same magnitude. The excited-state molecules A* and C* are
generated from the ground-state molecules A and C by
external illumination at appropriate wavelengths, and may
undergo unimolecular decays:

R0 « RAt) %
A== 4, C==C"

Ru(), R(?), k4 and kc are the associated rate coefficients. We
will assume that A* as well as C* is immobile. When a
mobile B molecule comes into contact with an A* at a
distance o, they form a C* with an intrinsic bimolecular rate
constant &y Then the C* molecule may dissociate back into
A* and B at a separation o with rate constant k. All
molecules are assumed to be spherical.

In the usual experimental situations, the external illumination
is weak enough that the concentrations of the excited species
are very small compared to those of ground-state species.
Then the number densities of ground-state A and C
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molecules, denoted by C4 and C¢, can be considered to
remain constant. We denote the time-dependent number
densities of A* and C* molecules by a*(¢) and ¢*(¢), while
the number density of excess B molecules as Ca.

The rate equations for «*(f) and c*(r) was given in
Appendix A of Ref. 22. In the Laplace domain [ A(s) =

J‘mdte_”f( 1) ], they can be rewritten as
0

(s +k)a*(s) _RA(S)CA = —[(s T kc)e*(s) —IA?C(s)CC]
= k150, 8) + k2% (s) = (). (1)
Here, Cu+p(r, ) is the two-particle reduced distribution
function (RDF) that represents the product of the average
number densities of A* and B molecules at the two locations
separated by r. Its time evolution is governed by the
following equation,*
SCup(ry8) = Lyug(r)C up(r, s)
- kACA*B(rv s)+ ]AeA(S)CACBgAB(”)

+ A= 20') a(s) - K/@A*BB(V, 0,5) T k,Cesp(r,s). (2)
4o

L4+ denotes the Smoluchowski operator governing the
thermal motion of B under the interaction potential of A*. Its
explicit expression is given by

Luyfir) = D( 2 +2)(L+2Y),

where D is the diffusion constant of B’s and U is the
interaction potential in units of thermal energy kz7. The
second and the third terms on the right hand side of Eq. (2)
describe the unimolecular decay and generation process of
A*-B pairs, while the fourth term describes the bimolecular
process between the pairs. gup(r) is the equilibrium pair
correlation function given by e V. The last two terms bring in
the many-particle effects on the mean-field pair dynamics. If
we neglect these many-particle competition terms in Eq. (2),
the problem becomes easily solvable but the applicable
range of the solution is limited to the very low Cp case.
C ,+p5(7, 0, 5) denotes the three-particle RDF between A*
and two B molecules separated by 7 and o, while C.z(7, 5)

denotes the two-particle RDF between C* and B molecules.
The evolution equation for C . (7, 5) is given by?

SCC*B(ras) = LC*B(F)CC*B(F>S)
— keCeuglr, s) + Ro(s)CoCpgep(r)
+ 5 yupp(r, 0,8) + kCoug(r, s). 3)

Lc+p is the Smoluchowski operator governing the thermal
motion of B against the uncharged product molecule C*,

2
Leas(rIAr) = D(j— + %a%]f(r),

Jinuk Lee et al.

and gcp(r) = 1. The boundary conditions associated with Egs.
(2) and (3) are given by lim C . 5(r, s) = a*(s)Czg,5(r),
r—> ®©

and lim C'C*B(r, §) = &*(s)Cpgcp(r), respectively.
r— o

Equations (2) and (3) involve the three-particle RDF C ;. 55,
whose evolution equation again involves the higher order
RDF functions in a hierarchical manner. The difference
between L4+ and Lc+p renders the complicated many-
particle problem even more difficult to solve. To tackle this
formidable problem, we choose to employ the simpler
version of the MPK theory as presented in Ref. 22. This
version of the MPK theory, which we called the MPK2
theory, is mathematically much simpler, though less accurate,
than the full MPK theory developed in Ref. 21. It was shown
that, for a reaction between the neutral reactants, the MPK2
theory gives quite accurate results unless K.,Cp is very large
(Keq 1s the equilibrium constant of the reaction). And we note
that the parameters of the experimental system that we are
concerned with are well in the applicable range of the MPK2
theory.

We will first present exact relations that can be derived in
the framework of MPK theory. The rate equation given in
Eq. (1) can be put into a non-Markovian rate equation;

a(s) =~ kC g0, 8) + k,E*(s)
=— l}f(s)CB&*(s) +k(s)e*(s). 4)
where a(s) is the quantity defined in Eq. (1). The rate kernels

I}f(s) and k,(s), associated with the forward association and
the reverse dissociation reactions respectively, are given by

/}f(s) _ /},(s) _ 1.
KK FG)
F(s) = 1+ KfACA*B(G, s) 7 a(s), ®)

with AC ;. 5(7, 5) = C i y(7, 5) — a*(s)Cpg,5(r). When the
molecular diffusion occurs very rapidly, the diffusion effect
function F(s) becomes unity, and the rate kernels reduce
to the equilibrium rate constants, k7Y and k7. The usual
experimental observable is the probability Y(¢|C) that a C*
molecule created at # =0 will be found as the C* at the time
t. Its Laplace transform is given as

Y c(s]C)
= [s4 +k()Cp1/[s450+ 5cki()Cp+ 5,k,(5)], (6)
where s, =5+ k4 and sc = s + kc. It can be seen that ¥ (s|C)
can be calculated once #(s) has been determined.

To find an expression for F(s), we need to solve the
coupled Egs. (2) and (3). At this point, we introduce the
truncation approximation of the MPK2 theory,”

- K/CA*BB(’”a 0,5) + k,Ceup(r,s)

= —k)(5)CpC1eg(r, s) + k()Cpup(r, 9). (7)

Equation (7) is an higher-order analogue of Eq. (4). The
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situation considered in Eq. (7) differs from that considered in
Eq. (4) in that there is a third B molecule at the location
separated by r from A* (or C*) molecule in addition to the B
molecule that is in contact and undergoing reaction with
A* molecule. Hence, Eq. (7) implies that the forward and
reverse reaction rate kernels are little affected by the
presence of the B molecule at the separation r. With this
approximation, we can solve Egs. (2) and (3) to obtain
AC i p(r,s) = a(s)G(r, 0,5) (see Appendix for details
of derivation). Substituting this relation into Eq. (5), we get

E(s) = 1+ 5G(0, 0, 8), (®)

where G, is the reaction Green’s function that is defined as

GT(r, ro,8) = {[sc+ k.(s) —Lylls,+ l}/(s)CB —Ly—AL]
A 0 . o(r —ry)
RO Cy) Tset h(s) - Lo) T
4 7r,,

:|:17( H + 22 ALi|71( My + o )5(”_”0)'
s,—Ly s_—L s,—Ly s_—L, 2

4 zry,

(©)

Here, Lo = Less, AL = Lasp — Less, pn1 = { - — [ke + k,(s) 1}/
(- = ), po=1— g, and s» = s + y: with

2= () £ () —42(s)]' 7} /2

y(s) =ky+ke+k{(s)Cyp+ k. (s),

z(s) =k ko + kcl}f(s)CB + k gk (s).

Now the remaining task is to obAtain an explicit expression
for the reaction Green’s function G ;. Using the relation, (1 —

L = i X", we can expand the operator on the right side

n=0
of Eq. (9) to obtain the following Dyson-like series:

» e Hi H
Gr(r, rg,5) = (— + )ALJ
T(r rO s) n§0|: S+_L s _LO

0

y ( M )5(”_’;0)‘ (10)
S+—L0 Sf—LO 4”r0

This equation can be rewritten as (see Appendix for details
of derivation)

Gp(r,ry,8) = [M+ N+ MeN+Ne i
e N e AL N e AT Ar—ry)
+M.N.M+N.M.N+...] —, (11)
47r,

where ® = AL, and M and N are the propagation operators
defined by

o< Hi "M H
M= ( AL) - (12)
EO s, —L, s,—Ly s,—Ly— 1AL
Z H " H
N= ( AL) = . 13
ngo s_—L, s_.—Ly s_—Ly—m,AL (13)
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For the sake of clarity, we present detailed derivation
procedures of Egs. (9) and (11) in Appendix. Because z4 and
tb have values between 0 and 1, the series in Eq. (11)
converges. Especially when either z4 or z& is close to 0, the
series converges quite rapidly. This is the case when the
reactant density is very low so that °Cp << 1. By keeping
only the first four terms in Eq. (11), we get

GT(ry VO,S) EIulé\;M(r7 rOv S) +IUZGN(F7 r07 S)

A 0 »
—4aroDup, fdrlGM(r, T, s)a—r1 Gy(ry, g, 8)

—dmrcDpy [ dr Gy, rl,s) Gy, 7). (14)
where 1,G w7 7o, ) = 5( 2) and 11, G M7 T, 8) =
4 7ry
Lor—rg) . L
N———. We then make the following approximations
47r,

which are basically assuming weak interaction potential:
G, (1,1, 8) = Gy (1, 7, 5) and Gy (r, 71, 8) & G (11, 7, 5). This
helps us to rewrite Eq. (14) in a much simpler form. When
r =ry, we have

2w, 8)+ 1y N(r, 7, )
Gy(r, 0,5)Gp(0,7,8) (15)

Gy(r,r,s)= G
+amreDp iy

From the definitions of the operators, A and N, glven m Eqgs.
(12) and(13) we can easﬂy see that GM(r r,8) = G” (r 7,
si; ) and Gy(r, 7, s) = G" (r r,S_; i) are the Green’s
function for the Debye- Smoluchowskl equation with the
potential of mean force scaled by U(r). When U(r) =
— rcl/r, with r¢ denoting the Onsager distance at which the
Coulomb energy | 1s equal to the thermal energy, explicit
expression for G" (r ro, 85 1) was derived by Hong and
Noolandi.**

With the expression for the reaction Green’s function G
(o, o, s) given by Eq. (15), we can calculate the diffusion-
effect function F(s) from Eq. (8), and in turn the rate
kernels and the survival probability from Egs. (5) and (6),
respectively. It should be noted that, in the limit of Cg — 0,
the present solution recovers the exact result for the isolated-
pair problem. Although an exact expression for G™ s
available, the following simpler approximate expression will
be used:

0
ps(0, 0,55 7¢)

exp(r~/o
_ exp(rc/o) 1 (16)
4ro,,D 1+ 0,55 /D

where the effective contact distance oyyis given by

-1
= { derexp[—rc /r]rz}

re[1 —exp(—r¢ /Cf)rl

GDS(O', o,s;r0)=G

Ge./(rC)



200  Bull. Korean Chem. Soc. 2006, Vol. 27, No. 2

Log,[AY(HO)]

Log,,(tD/c?)

Figure 1. Dependence of the AY(¢|C) curves on the magnitudes of
Coulombic interaction.

Results and Discussion

When k4 = k¢, the number density of C* decays as K.qCp(1
+ KoyCr)'exp(— kct) at long times. Therefore, AY(t|C) =
Yt C)explkct) — KegCp(1 + KqCp) is the usual quantity
reported in experiment to characterize the relaxation behavior
of the reversible association reactions. In Figure 1, we
compare the AY(7/C) curves for systems with different
magnitudes of Coulombic interaction. The values of parameters
used in Figure 1 are k#Y/47noD = 1, kc®/D=1,and 470°Cs =
0.1. We see that when there is an attractive Coulombic
interaction between A* and B, after the initial fast decaying
phase, there emerges an intermediate phase in which the
relaxation curve shows a slower decay than the asymptotic 7>
power-law decay. The relaxation curve at this intermediate
time interval cannot be described by either of the exponential
and the power-law function with a single exponent, but
follows r”? with time-dependent exponent A7) that is an
increasing function and converges to at long times. In contrast,
when there is a repulsive Coulomb interaction between A*
and B, A7) is a decreasing function that converges to . This
intermediate phase is absent in the relaxation curve for the
reaction between neutral reactant for which r¢ = 0. In
addition, one can see that the amplitude of the asymptotic 7>
power-law depends on the value of rc. For the reversible
association reaction between neutral molecules, the linearized
enhanced superposition approximation (LESA)-based RDF
theory is known to give an exact asymptotic solution.>> The
LESA results for the reactions between ionic reactants can
be obtained simply by replacing y(s) and z(s) in Eq. (9) with
yLESA(S) =ky+kc+ quCB + k. and ZLESA(S) = kykc + kck;;qCB +
kaky, respectively. Therefore, for the case with k4 = k¢, the
asymptotic behavior of Y(#/C) can be obtained as

0
CB + Keqexp(_ﬂlrc/a)

K
YA (1| Cexpket) = —<

1+ KC“]CB (1+KeqCB)3
0
1 —exp(— / _
« {H xXp(Hre G)}(MrDt) 32 (17)
1+,JAc5,/D
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Figure 2. Dependence of the AY(¢t|C) curves on the relative
magnitude of the unimolecular decay rate constants of A* and C*.

where o = cup(urc) and 14 = KoyCp(1 + KoyCr) ™. Eq. (17)
indicates that the amplitude of the asymptotic power-law
decay is a decreasing function of z4rc, so that the dependence
of the power-law amplitude on r¢ becomes more noticeable
as K.,Cp increases. This reflects the fact that the Coulombic
interaction plays its role not through the dissociation
reaction but through the association reaction. For ¢ = 0, Eq.
(17) reduces to the exact result known for the reaction
between neutral reactants.’

Figure 2 shows that the amplitude of the asymptotic
power-law predicted by the LESA theory is practically the
same as that predicted by the MPK2 theory for the system
with Coulombic interaction, when K.,Cp is not too large.
However, when K,,Cp >> 1, there is a noticeable discrepancy
between the power-law amplitudes predicted by the two
theories. The parameters used for Figure 2 has the same
order of magnitude with those for typical excited-state
proton transfer reaction in acidified water: k.o/D = 1,
476°C=1.26 x 1072, rc = 60, ke = 10°6%/D. The value of
kf/47moD is 0.5 in (a) and 4 in (b). Note that even a very
small difference in the lifetimes of A* and C* prevents the
AYA(#|C) curve from reaching the asymptotic > power-law
relaxation phase ultimately, which is one of the characteristics
of the reversible association reactions in the absence of the
reactant decay. For the time region where ¢ > O(|k4 — kc|™")
the time-dependence of is mostly determined by the different
rate of uni-molecular decaying processes of A* and C*,
Therefore, one should not neglect just mentioned effects in
analyzing the experimental data obtained after # = |ky — kc|™".

Figure 2(a) also shows that, for a small value of k79, the
AY(t|C) curve first goes above the asymptotic power-law
line at short times, then it goes below the line due to the
presence of the reaction-driven fluctuation of interaction
potential and approaches the asymptotic power-law line
from below. However, for a large value of &7, it is possible
that such cross between the AYA(#|C) curve and the
asymptotic power-law line does not occur. In any case, the
AY(t|C) curve cannot goes above the power-law line at
asymptotic region when the lifetimes of A* and C* are
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identical.

In summary, we have presented a theory dealing with the
effects of reaction-driven fluctuation of interaction potential
on the diffusion-influenced kinetics of reversible reactions.
We have found that the relaxation curve displays an
interesting non-monotonous power-law relaxation behavior
in the intermediate time region that follows #* with the
time-dependent exponent A7), before > asymptotic power-
law relaxation phase is reached. The value of A) is less than
3/2 for the system with attractive Coulomb potential, while it
is larger than 3/2 for the system with repulsive Coulomb
potential, but in either case it converges to 3/2. We expect
that the present theory would help to disclose the effects of
various reaction parameters on the AY(7C) curve that may
be observed in experiments.
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Appendix

Here we present the details of derivation of Egs. (9) and (11).
Invoking the truncation approximation, Eq. (7), of the MPK2 theory,
one can rewrite Egs. (2) and (3) as

R R S(r — o) ~
SAAC g7y 8) = Lyug(F)AC 0 (r, 5) + %a(s)
TO

—k/(5)CpAC 45 (r, 8) + k()ACup(r, 5)
+ k()2 () Cplgep(r)-gan(r)] (A1)
and
ScACep(r,8) = Lesg(r)ACeap(r, 5)
+ k(5)CAC o5 (r, )~ (S)AC (1, ),
+ kA5)Cha* () [€up(r)—gen(r)] (A2)

respectively. Throughout this work we assume that interaction potential
between 4 and B is so weak that the last terms on the right side of Eqs.
(A1) and (A2) are negligible. From Eq. (A2), we get the following
relation between ACc+p and ACyp:

ACcuy(r,5) = k{s)Calsc+ k() = Lo()] ' AC 1 p(r,5)  (A3)
Substituting Eq. (A3) into Eq. (A1), we get
ACA*B(r’ 5) = &(S){[Sc + i‘r(s) —Lolls, + ]}f(S)CB —Ly—AL]

- if,.(s)lAcf(s)C,g Ve Lse +h(s) *Lo]—a(r — O-).

(A4)
dro’

In Egs. (A3) and (zi‘x4), Lo and AL are given by Lo = Lexg, AL = Ly —
L« If we define G (7, ry, 5) as

GT(r, 7o, 8) = {lsc+ i‘r(s) —Lo][s,+ ]}/(S)CB —L,—AL]

A Ca e+ hs) - Lo XL, (A3)
4 7ry
Eq. (A4) reads as
AC xp(r, 5) = a(s)Gy(r, 0, 5). (A6)

Substituting Eq. (A6) into the exact equation, Eq. (5),2'** we get Eq.
).

Equation (10) can be obtained straightforwardly from Eq. (9). Let
us define X and Y as X = wu/(S+ — Lo) and ¥ = o/(S- — Lo), where we
use the same notations as in Eq. (10). In terms of X and ¥, Eq. (10) can
be written as
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Gi(r,rg,8) = [(X+ D)+ (X+ D)o (X+7)

+(X+Y)o(X+Y)-(X+Y)+-~-]%

(AT)

where ® represents AL. The operator in the bracket in the R.H.S. of
Eq. (A7) can be rewritten as follows:

[(X+ 1)+ (X+ 1) e (X+ D)+ (X+F)o(X+F)o(X+D) o]
= (X+tXeX+XeXeX+ .. )+(Y+YeY+YeYeY+...)
+(X+XeX+XoeXeX+...)e(Y+YeY+YeYeY+...)
+(Y+YeY+YeYeY+ e (X+XeX+XeXeoeX+---)
+(X+XoeX+XoeXoeX+ ---)o(Y+YoY+YeYoY+...)
e(X+tXeX+XoeXoe )X+ - )+ (Y+YeY+YeYoY+...)

)

Noting that
(X+XoX+X.X.X+-.-)

©

_ H ) o Hi
= AL = =
Z(erfLO s,—Ly s,—Ly— 1AL

n=0

(Y+YeY+YeYeY+...)

> Ha H H
- AL) - N A9
,z:o(s,—Lo s_.—Ly s_—Ly— AL (A9)

=

one can identify Eq. (A8) with Eq. (11).
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