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Reduced Boltzmann factors have been introduced and
averaged for the direct calculation of free energy during a
single molecular dynamics or Monte Carlo simulation. Very
stable results have been obtained for the excess free energies
of the Lennard-Jones fluids and the square-well fluids at
high densities.

The free energies and entropies of chemical and biological
systems are very important thermodynamic properties
related to the direction of spontaneous change. A number of
methods for the calculation of the free energy and entropy
has been proposed with rapid progress in the field of
computer simulations.1-3 It is very important to compute the
free energy and entropy at high densities because a number
of chemical and biological processes occur in the high-
density region. However, it has been difficult to make these
calculations directly from computer simulations. Recently a
fluctuating cell model4 using the Metropolis algorithm5

for the generation of the constant NVT ensemble was
proposed, although its application is limited to high-density
phases of two-dimensional hard dumbbells. Although it is
actually impossible to calculate the free energies directly
from the averages of the Boltzmann factors owing to large
fluctuations,1 the fluctuation problem can be eased
considerably by the multicanonical ensemble method6 or the
multiensemble sampling method.7

On the other hand, a practical method using the canonical
ensemble average of effective acceptance ratios (the EAR
method) was proposed for the direct calculation of the free
energy.8 In the EAR method, large fluctuations according to
the evaluation of the excess entropy can be reduced
considerably by using the effective acceptance ratio, which
is expressed as

 (1)

where φ is the potential energy of a molecule at r, a

configuration sampled during the constant NVT molecular
dynamics2 or the Metropolis Monte Carlo5 simulation, and
φR is the potential energy of the molecule at rR, a virtual
random configuration generated by a separate parallel Monte
Carlo procedure within the cell ∆. The cell was selected as a
cube of a fixed volume centered at r.

To reduce the fluctuations further, we could use scaled
acceptance ratios9 and acceptance ratios.10 Because scaled
acceptance ratios are obtained from acceptance ratios, both
of these methods9,10 exploit the averages of acceptance
ratios. The methods, while stable, inevitably have limitations
owing to the value of the acceptance ratio confined to 1. In
the present work, we try to use an effective function,11 that is
intermediate between the acceptance ratio and the
Boltzmann factor. We rename the effective function as the
reduced Boltzmann factor, which is given by

 (2)

The reduced Boltzmann factor is obtained by replacing a
factor of 2.3 in the effective acceptance ratio8 with a factor of
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Figure 1. The reduced Boltzmann factor (dash-dotted), the
Boltzmann factor (solid), and the acceptance ratio (dotted) with the
variation of the potential energy difference (φR−φ).
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1. The reduced Boltzmann factor is shown with the
Boltzmann factor and the acceptance ratio in Figure 1.

In this work, the excess entropy of an N-particle system is
approximately expressed as

(3)

where  denotes the canonical ensemble
average of  over rR. This method employing the
average of  will be named a reduced Boltzmann
factor (RBF) method. We have applied here the RBF method
to the constant NVT molecular dynamics and the Metropolis
Monte Carlo simulations for the high-density phases of the
Lennard-Jones fluids12,13 and the square-well fluids.14 The
Lennard-Jones potential and the square-well potential are
shown in Figure 2. The upper and lower limits of the cell
volumes suggested in the acceptance ratio averaging (ARA)
method were 0.56 V/N and 0.27 V/N, respectively.10

Considering that the RBF method overestimates the excess
entropy compared with the ARA method, we chose the cell
volumes for the Lennard-Jones fluids and the square-well
fluids as 0.69 V/N and 0.55 V/N, respectively.

In each configuration sampled during the Metropolis
Monte Carlo simulation, a sampled molecule was moved to
a virtual random configuration, rR, through a separate
parallel Monte Carlo procedure. Then  was
estimated at rR and averaged over the canonical ensemble.
Thereafter, the virtual configuration was removed to perform
the normal Metropolis Monte Carlo procedure. In the case of
the constant NVT molecular dynamics simulation,

 was calculated and averaged at each time step
through the separate parallel Monte Carlo procedure as well.
The excess Helmholtz free energy was obtained by

 (4)

where U is the averaged configurational energy.
A total of 216 molecules were used for simulations of the

Lennard-Jones fluids and the square-well fluids. About
2 × 106 configurations were averaged after equilibration
using the periodic boundary condition, the long-range energy
correction, and the cut-off distance of half the box length. For
the liquid-gas coexistence region, only Monte Carlo
simulations were carried out and we used the method of
Hansen and Verlet,12 which forced the system to remain
homogeneous.

The excess Helmholtz free energies calculated using the
RBF method along the isotherms of T* = 0.75, 1.15, and
1.35 for the Lennard-Jones fluids are listed in Table 1. The
results are compared with those from thermodynamic inte-
gration12,13 (TI), the EAR method,8 the perturbation theory
by Weeks, Chandler, and Anderson15 (WCA), and the multi-
particle correlation16 (MPC). The free energies calculated
along the isochores of ρ* = 0.88, 0.85, and 0.75 for the
Lennard-Jones fluids are listed in Table 2. The results are
compared with those from TI,13 the EAR method,8 and the
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Figure 2. The Lennard-Jones potential (dotted) and the square-well
potential (solid).

Table 1. Excess Helmholtz free energies (−Aex/NkT) of the
Lennard-Jones fluids on the isotherms T* = 0.75, 1.15, and 1.35

T* ρ* RBFa TIb EARc WCAd MPCe

0.75 0.6 3.69 3.73 3.72 3.65 −
0.7 4.17 4.17 4.16 4.14 −
0.8 4.48 4.47 4.49 4.46 −
0.84 4.56 4.53 4.54 4.51 4.59

1.15 0.6 1.68 1.78 1.73 1.74 −
0.65 1.78 1.84 1.81 1.82 −
0.75 1.85 1.89 1.86 1.88 1.91
0.85 1.82 1.78 1.78 1.77 1.79

1.35 0.6 1.16 1.26 1.21 1.22 −
0.7 1.22 1.29 1.26 1.26 −
0.8 1.17 1.19 1.16 1.16 −

aResults calculated using the reduced Boltzmann factor method. bResults
of thermodynamic integration from refs. 12 and 13. cResults of the
effective acceptance ratio method from ref. 8. dResults of the perturbation
theory from ref. 15. eResults of the multi-particle correlation from ref.
16.

Table 2. Excess Helmholtz free energies (−Aex/NkT) of the
Lennard-Jones fluids on the isochores ρ* = 0.88, 0.85, and 0.75

ρ* T * RBFa TIb EARc WCAd

0.88 1.095 1.98 1.99 2.01 1.94
0.94 2.92 2.88 2.92 2.84
0.591 6.97 6.86 6.90 6.80

0.85 2.202 −0.37 −0.37 −0.41 −0.44
1.128 1.92 1.91 1.89 1.86
0.880 3.36 3.35 − 3.32
0.760 4.45 4.44 − 4.41
0.591 6.84 6.81 6.87 6.74

0.75 2.849 −0.58 −0.50 − −0.56
1.071 2.19 2.25 − 2.21
0.881 3.28 3.30 − 3.27

aResults calculated using the reduced Boltzmann factor method. bResults
of thermodynamic integration from ref. 13. cResults of the effective
acceptance ratio method from ref. 8. dResults of the perturbation theory
from ref. 15.
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WCA perturbation theory.15 The results calculated along the
isochore ρ* = 0.68 for the square-well fluids are also
compared with the results of the temperature-and-density-
scaling Monte Carlo (TDSMC) method14 and the results
calculated using the EAR method in Table 3.

The RBF method bridges a gap between the ARS method8

and the ARA method.10 In the EAR method, significant
fluctuations remain. In the ARA method, biased acceptance
ratios are averaged for φR < φ. The RBF method reduces the
residual fluctuation in the EAR method as well as the bias in
the ARA method.

Whereas the EAR method does not work well for the
square-well fluids, the results calculated using the RBF
method agree well with reported results for the high-density
phases of the Lennard-Jones fluids and the square-well
fluids. Here, it is noteworthy that the Lennard-Jones
potential is obviously different from the square-well
potential. Thus it is very important that the RBF method
works well for both the Lennard-Jones fluids and the square-
well fluids. The averages of  were more stable
compared with those of effective acceptance ratios.8 The
relative error of the RBF method in the calculation of the
excess entropy is estimated to be within 1%, whereas that of
the EAR method was as large as 2%. Even though

 has been averaged over the canonical ensemble,
this approach has the character of the grand canonical
ensemble because a sampled molecule is subtracted and
inserted through the virtual random sampling.

On the other hand, real fluids would be well modeled with
a three-dimensional soft intermolecular potential compared
with a two-dimensional hard one. Whereas the application of
the fluctuating cell model4 has been restricted only to two-
dimensional hard dumbbells, the RBF method has been

successfully applicable to more realistic three-dimensional
Lennard-Jones fluids and square-well fluids. The absolute
excess free energy is calculated instead of the relative one
because this approach does not need any reference system
except the ideal gas. Our method overcomes the difficulties
arising from the phase transitions of high-density fluids or
solids as well.17 The RBF method is very efficient because
the excess free energy is directly calculated from a single
computer simulation at fixed density and temperature.

We have calculated directly the excess free energies of the
Lennard-Jones fluids and the square-well fluids from the
averages of reduced Boltzmann factors during a single
computer simulation. Very stable results have been obtained
for both the Lennard-Jones fluids and the square-well fluids
at high densities. Studies on complex systems are currently
underway using this method.
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Table 3. Excess Helmholtz free energies (−Aex/NkT) of the square-
well fluids on the isochore ρ* = 0.68

T* RBFa TDSMCb EARc

1.053 2.26 2.25 2.04
1.081 2.12 2.12 1.89
1.111 1.99 1.99 1.76
1.143 1.86 1.86 1.62
1.176 1.73 1.73 1.48
1.212 1.59 1.60 1.36
1.250 1.45 1.46 1.20
1.290 1.32 1.34 1.06

aResults calculated using the reduced Boltzmann factor method. bResults
of the temperature-and-density-scaling Monte Carlo method from ref.
14. cResults calculated using the effective acceptance ratio method from
ref. 8.


