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The relaxation phenomena of ionic currents through the charged membrane under the constant applied
potentials has been studied. The formulation was obtained for the non stationary current by assuming that the
ion mobility is independent of concentration and the potential gradient is a constant within membrane, and it
was applied to the experimental results with the sulfonated polystyrene collodion base membrane. It has been
shown that the initial ion distributions in the membrane play a predominant role in the relaxation phenomena.
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Introduction

The time course of ionic currents through the excitable
membranes have been well described by reversible changes
in sodium and potassium conductances.1 More information
concerning the change in the ionic conductance were
obtained by the techniques of intercellular perfusion and the
behavior of various ions other than sodium ion and
potassium ion were discussed.2 

Since the alteration in the ion conductances may attributed
to the change of ion concentration in the composite charged
membrane, the relaxation of ionic currents during voltage
clamp would be interpreted by the time dependent
redistribution of ions within membrane provided that the
passive ion movements govern the processes.3 Therefore, it
is of important to find out the essential feature of non-steady
ion current under a constant voltage with the artificial
membrane electrolytes system Through the exact description
for the non-stationary state of the membrane electrolyte
system were given by Kirkwood,4 it is generally impossible
to estimate the ionic current as the function of applied
voltage and ionic concentration without the knowledge of
the detailed structure of the system. Hence, it is necessary to
make simple assumption in order to express the non-steady
current in terms of the simple measurable quantities such as
the applied voltage and the salt concentration of exterior
sides of membrane.

In this study, the assumption of a constant electric field
was applied to the non-stationary problem. Additional
assumptions are that the ionic mobilities are independent of
ionic concentration and there is no cross term in diffusion
coefficient. On the basis of these assumption, an expression
for the non-steady ionic current was derived and was applied
to the experimental data obtained with artificial systems.

Experimental Section

The membrane was dried type sulfonated polystyrene
collodion base membrane prepared from 3.5% collodion
solution containing 0.85%/L sulfonated polystyrene.5 The

thickness of membrane was 0.03 mm. The measurements of
membrane conductance were made by d.c. method using the
cell devised by Laksminarayanaiah.6 After the membrane
was equilibrated with exterior electrolyte solutions, a
potential was applied across membrane with the current
carrying silver-silver chloride electrode. The applied
potential was kept constant by using a variable resistor and
silver-silver chloride probes operated to the detect the
membrane potential. The change in the currents with time
were recorded as the potential depression between a
standard resistance.

The calomel electrodes were used to determined the
resting potential. The experiments were carried at 25 oC
without a perfusion of electrolyte solutions.

Results and Discussion

The typical time course of non-steady currents with a
various applied voltages for the system which consists of the
membrane fixed between the 0.01 N-KCl solution and the
0.01 N-CaCl2 solution are illustrated in Figure 1. This
system has the resting potential of 35.6 mV. The currents
decreased with time when the initial applied potential was
displaced to the anodal direction, and the relaxation times as
well as the amount of variation in the current increased as
the applied potentials become larger. On the other hand, the
current increased during the course of the record when the
potential deviations from the resting value were negative. In

Figure 1. A schematic apparatus for ionic conductivity measure-
ment.
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this case, the time constants were smaller than those for the
anodal currents.

When only the KCl solution was used the exterior
electrolyte and the concentration of electrolyte of the one
side membrane was different from the other, the system gave
essentially the same results as those mentioned above except
for the smaller changes of current caused by the negative
displacement of membrane potentials. Since the constant
voltages measured with silver-silver chloride probes were
affected by the voltage depression due to the electrical
resistance of the solutions between the probes, the net
membrane potentials by measuring the solution resistances
as a function of the distance between the probes.6,7,8 The
effect of the concentration polarization near the membrane
surfaces would be ignored since a sudden removal of the
applied potential caused a negligible polarization potential
as compared with the resting potential. In addition, the time
scale adopted for recording the current was so large that the
capacity current was not involved in measurement. For the
initial resting state of various systems, the membrane
conductance, the potentials and membrane permeability of
each component are given in Table 1. The equation for
calculation permeabilities were derived by using the
formulations given by Kimizuka as follows.9 For the
concentration cell of KCl solution;

(1)

(2)

(3)

(4)

Where PΚ and Pcl denote the membrane permeabilities to
potassium ion and chloride ion, respectively; C0 and Cl,
concentrations of KCl solution on the both side of
membrane; G± is membrane conductance; V0, membrane
potential at the resting state; F, Faraday constant; R, is gas
constant; T, absolute temperature.

Similarly, the membrane permeabilities of components for
the bi-ionic system composed of KCl and CaCl2 were
written in the form;

(5)

(6)

(7)

(8)

and G+, G− are calculated according to equations (3) and (4).
If the following condition was maintained

(9)

(10)

and PCa indicates the membrane permeability to calcium; Cα

and Cl , the concentrations of KCl and CaCl2 in normal,
respectively. The Table 1 indicates that the membrane
permeability to chloride ion was negligible as compared
with those of sodium and calcium ions and hence the
membrane used in this study is of the higher permselectivity
for cations.

In the subsequent treatment of non steady current, it is
assumed that the membrane is uniform over its thickness l,
and the ion fluxes are dependent upon position and time. The
ion flux, jα, of component α ion for isothermal system is
given by the Nernst-Planck equation;

(11)

Where Cα is the concentration of α ion within the
membrane; zα, its charge; Dα, its diffusion coefficient; ψ, the
membrane potential; and x denotes coordinate normal to the
membrane. For the sake of simplicity, the diffusion coeffi-
cient, Dα, was assumed to be independent of the concen-
trations although it, in general, considered to be a compli-
cated function of the concentration of all components. This
was usually assumed by many investigators for describing
the steady state of the membrane and electrolyte solution
systems.10

According to Goldmam,11 the further simplification of the
problem might be possible in the case where the assumption
concerning with either the potential distribution or the
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Table 1. The membrane potential, membrane conductance, and membrane permeability at resting state through composite charged
membrane and system no.1: 0.01 N-KCl/0.001 N-KCl, 2: 0.01 N-KCl/0.001 N-CaCl2, 3: 0.01 N-KCl/0.01 N-CaCl2, 4: 0.01 N-KCl/0.1 N-
CaCl2

System
no.

V0

(mV)
G

(mho/cm2)
G+

(mho/cm2)
G−

(mho/cm2)
PK × 105

(cm/sec)
PCa × 106

(cm/sec)
PCl × 107

(cm/sec)

1 54.6 165 478 56.9 1.30 − 2.42
2 69.6 101 391 28.2 1.06 1.81 0.59
3 35.6 172 345 85.8 0.936 1.16 0.1
4 11.5 176 220 141 0.596 0.306 0.1
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concentration distribution of ion within membrane were
proposed. The former assumes the microscopic electro-
neutrality at any position within the membrane, and the latter
assumes that the potential gradient in the membrane is a
constant.

The former case was studied exclusively by Theorell12 and
the latter was preferred by Goldman and Hodgkin.13

However there is no theoretical reason for confirming which
situation describes the characteristics of system more
exactly. In view of the fact that the current voltage relations
obtained with the non-steady currents at constant times can
be reproduced by the expression based on the assumption of
constant electrical field, it seems reasonable to apply this
assumption for the non stationary systems.14

Denoting x ant t for the coordinate normal to the mem-
brane and time, respectively, the equation of continuity is
given by 

(12)

which represents the conservation of mass for the compo-
nent α. With the assumption of constant electrical field and
by equation (12), the equation of flux expressed by Nernst-
Planck equation is reduced to 

(13)

where φα and T are given by following equations; 

(14)

(15)

in which φα is independent of position owing to the present
assumption.
The generalized diffusion equation represented by equation
(13) could be solved with the initial condition;

(16)

And with the boundary condition;

(17)

(18)

where Cα0, the concentration of ion α at x = 0, and T = 0; jα0

and jα∞, the fluxes at T = 0 and T = ∞, respectively and φ
corresponds to φα given by equation (14) at the initial resting
state. The solution for equation (13) was obtained in the
polynomial form as follows; 

(19)

in which the following abbreviations were used;
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(21)

and η denotes positive integers. For large T, the equation
(19) may be expressed by the term with n = 1. Hence, we
obtain

(22)

where ζα1 and ηα1 are equal to those of equations (20) and
(21) at n = 1, respectively. By the substituting the equation
(22) to equation (11) it is possible to represent the flux
equation as the explicit function of time and position;

(23)

Equation (23) indicates that the non steady flow of ion α can
be described completely provided the initial and final steady
states, the diffusion coefficient of the ion and applied
potential are given. The summation of the fluxes for the all
constituent ions the total currents;
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    (24)

where I, I0 and I∞ are the total currents at the finite, zero and
infinite times, respectively. Combining the equation (24)
with the equation (23) and eliminating I∞, we have the time
dependence of the non steady current at the membrane
boundary, x = 0, as follows;

(25)

after substituting the equations (15), (20) and (21) for T, ζ
and η, respectively. 

The resting potential, V0 and the applied potential, V are
introduced into equation (25) through the following
relations;

  (26)

In equation (25) the relaxation of current is expressed as the
deviation from the initial current and the difference between
the initial and final steady currents are determined by the
extrapolation to the infinite time. It was obvious that the time
constant for the relaxation of current was parallel to the
applied potential and proportional to the diffusion coefficient
as well as the reciprocal of membrane thickness. On the
other hand the amount of variation in the current was found
to be depend on the many factors, such as applied potential,
diffusion coefficient, initial concentration of components
within membrane, the resting potential and the initial and
final steady fluxes, in more complicated manner.15

In order to estimate the flux at resting state, the following
equation could be available;16

(27)

where C0
α and Cl

α are bulk concentrations of ion α on the
both sides of membrane and Pα is the membrane perme-
ability to the ion α. Assuming that in the membrane, the
potential gradient is a constant and the diffusion coefficient,
Dα is a constant independent of concentration Pα may be
reduced to

(28)

which, provided zαFV / 2RT, is small as compared with

unity, is reduced to

(29)

where ηα indicates excess free energy of the ion α. Inserting
equation (29) into equation (27), we obtain the next equation
(30)

(30)

Thus the fluxes at rest and the diffusion coefficients could be
estimated from the data shown in Table 1. The time courses
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Figure 2. Records of non steady current under a constant applied
voltage for system no. 3. The displacement of membrane potential
is given in millivolts by the number attached to each records.

Figure 3. The records present an applied potential; solid line,
experimental value and dashed line, calculated used. 
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of the non-steady currents measured at various applied
voltages are illustrated in Figures 2, 3, 4 and 5 for the
different systems, respectively. The calculated diffusion
coefficients from these results were smaller than those
estimated by equation (29) for the permeabilities in Table 1.
This fact seems to be due to the different treatment from the
previous one which was determined without the constant
field assumption. However, the permeability ratio for a given
system should be preferred that determined with the method
of Kimizuka17,18 rather than that according to Hodgkin and
Katz. 

Therefore, it was possible to calculate the diffusion coeffi-
cients with the time constants and equation (25), provided
the ratio of diffusion coefficients is according to equation
(29). These diffusion coefficients and fluxes of potassium
and calcium at rest were shown in Table 2 for the various
systems. The corresponding quantities of chloride ion were
so small that they could not calculate exactly.

As Cα0 is the concentration of ion α at membrane
boundary in the initial steady state, it is unlikely reasonable
to estimate Cα0 by assuming Donnan equilibrium. In the
Figures 3, 4 and 5, it was found that the final current, Jα∞

could not be estimated for case of the negative applied
potentials. Consequently, the values of Cα0 and Jα∞ are
necessary to determine so that they could reproduce the
experimental data. The values of Cα0 and Jα∞ estimated in
such way are given in Table 3 to 6. Thus the time courses of
the relaxation current for the various applied potential
calculated according to equation (25) could reproduce the
experimental results as shown in Figures 2 to 5. These

Figure 4. Time course of non steady current for the electrolyte
solution system no.2. Solid lines are experimental value and dashed
lines are calculated value according to equation (23).

Figure 5. Time course of non steady current for system no.3 and
the numbers attached to the records represent an applied potential;
solid lines are experimental data, dashed lines are calculated value. 

Table 2. The diffusion coefficient, ionic concentration and ionic flux value at resting state for potassium ion and calcium ion through
composite charged membrane and system no. 1: 0.01 N-KCl/0.001 N-KCl, 2: 0.01 N-KCl/0.001 N-CaCl2, 3: 0.01 N-KCl/0.01 N-CaCl2, 4:
0.01 N-KCl/0.1 N-CaCl2

System
no.

DK × 109

( cm2sec )
DCa × 1010

( cm2sec )
C K × 102

( mole / l )
CCa × 103

( mole / l )
jK  × 1012

(mole/cm2sec−1)
jCa × 1015

(mole/cm2sec−1)

1 1.43 − 4.8 − 13.6 −
2 0.93 1.58 4.4 0.15 11.9 -2.06
3 1.37 1.70 2.1 1.2 9.17 -75.20
4 1.85 0.95 1.7 11.0 3.95 -101.00

Table 3. The ion flux and membrane potential of potassium ion for
the 01 N-KCl vs. 0.001 N-KCl solution system through composite
charged membrane

V (mV) jK  × 1012 (mole/cm2sec−1)

195 −12.30
155   −8.85
115   −6.44
95   −4.68
65   −1.98
35     1.28
−5     6.62

−85 20.40
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results indicate that the equation (25) describes the essential
feature of the relaxation phenomena.

The C0cα were found to be proportional to the bulk concen-
trations of calcium ion. Through the bulk concentration of
the one side of the membrane was constant, the ion concen-
tration within the membrane seemed to depend on the
calcium ion concentration present in the order side. This can
be deduced in terms of the variation of C0Κ shown in Table 2. 

Conclusions

It is noted in membrane equation that the Cα value
contribute to the amount of the relaxation current consider-
ably and it may be concluded that the relaxation of current
were controlled by the ion transports from the interior of the
membrane to the external solution. For the KCl-CaCl2

systems, the time course of current was mainly governed by
potassium ion transport when the CaCl2 solution side was
positively polarized and vice versa.
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Table 4. The fluxes of potassium ion and calcium ion at and
membrane potential for 0.01 N-KCl vs. 0.001 N-CaCl2 solution
system through composite charged membrane

V (mV) jK × 1012  (mole/cm2sec1) jCa  × 1014 (mole/cm2sec1)

230 −5.43 −39.1
150 −2.72 −24.2
110 −0.94 −18.9
30   5.28   −6.74

−10 10.9   −1.56
−50 18.0     0.08
−90 26.7     2.73

Table 5. The fluxes of potassium and calcium ion at t = ∞ against
membrane potential value for 0.01 N-KCl vs. 0.01N-CaCl2 solution
system through composite charged membrane

V (mV) jK × 1012 (mole/cm2sec−1) jCa × 1013 (mole/cm2sec−1)

236 −16.5 −45.2
156 −9.94 −37.7
 76 −2.61 −13.8
−4   2.15   −0.98 

−44   8.20     1.39
−84 15.4     2.42

−124 23.1     3.36

Table 6. The fluxes of potassium ion and calcium ion against
membrane potential for 0.01 N-KCl vs. 0.1 N-CaCl2  solution
system through charged membrane 

V (mV) jK × 1012 (mole/cm2sec−1) jCa × 1012 (mole/cm2sec−1)

212 −29.0 −23.0
132 −20.0 −14.3
 72 −12.4   −7.78

−28     2.98   −2.36
−68   11.5     0.99

−108   20.6     1.46
−148   30.0     1.96

Figure 6. The time course of non steady current for system no.4
and the numbers attached to the records represent an applied
potential and solids are experimental data and dashed are calculated
value.


