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Increasing theoretical attention has been paid to solvingnd constant inxxo) , we represend(x, t) as
exactly time-dependent quantum mechanical problems for _ .
their own mathematical interest and for applications. Among Px, 0 = g, 1) €, (4)
these problems, time-dependent harmonic oscillators areheref(x,t) is to be determined. In termsggx, t) andf(x, t) , eq.
widely studied. The most famous method for solving this(3) can be written as
problem is the quantum invariant operator by Lew@her oo of
methods include the propagdtand time-space transformation ih[ d(tp + dtqo} = ~omaz "
approached.These methods usually have been applied to ox
systems in which only the oscillator frequency changes with h® Odf pffO in’
time, although Kimet al? studied an harmonic oscillator - Zmdeer e E+ 2haxy(x—x) + '
whose mass and frequency depend on time.

h° Fo [hzdf , 2ih°

op
méx m a(x— XO)} X

In this work, we have found the exact solution of the + Zihza(x_xo)df}p
Schrddinger equation for an oscillator whose frequency and m X
position vary in time. We have extended the time-space 1, 20 , .. ,
transformationand applied it to remove the time-dependence + [zmQ it ha} (X=%0)¢. 5)

of the position. The time dependency of the frequency is

handled by solving an auxiliary differential equation. With Without loss of generality, we can assudé/ dx’=0
this manipulation, the time-dependent Schrédinger equatioAnd thusdf/ dx=g(t) . Comparing both sides of the equality
has been transformed into a time-independent equatiof €g. (5), we note that the equation is greatly simplified if

whose solutions are easily obtained. f(x, t) satisfies the following relation
Consider the Schrodinger equation for a time-dependent of _ ihpft 2h of h
, e o _ o_ _ _ ; _
harmonic oscillator: ot = 2mibx0] m0((x XO)ax m& + 2iaX,(x XO)(é)
L AW(x, 1) _ hPFW(x, 1)
g = ~om » V9, (1) where we use the fact thétf/ox* i zero. We now obtain
f i [ . ith
whereV(x, )=1/2mO()? (x-x()2 and Q(t) andx(f) are the ' Y B integrating eq. (6) with respecitto
time-dependenfrequency and position of the oscillator. To _ ‘[ ih > 2h
solve eq. (1), a following unitary transformation is fx 1 I 2mg ma(x %)9
introduced h
ia X 2 —_ H _ 1
Wix 1) = P(x t)e' (H(x=%(1)) , @) ma + 2i 0 Xo(X — %) }dt , @)
wherea(t) is a function oft and is to be determined later. where df/dx=g(t) is used. The functiaft) needs to be
Substituting into eq. (1) gives determined in order to hafi, t) explicitly represented iry

anda, and the equation fgyt) is obtained by differentiating

0 _ hoe Zihza eq. (7) with respect tas,

in (x=x) %2
a - T 2may Y ox ‘ t
mo  m g=7 =-2Magdt+af ax . ®)
1 .20, 2 X m
+ [ZmQ et ha}(X—Xo) @ The solution of eq. (8) is obtained as,
2 ! h
—ZhGXO(X—XO)¢— |h ad (3) —gmbj-adt’ t gmb adt'
m g(t) = 2ie [ axie dt|. )

To remove the last two terms of eq. (3) which are linear
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Assuminga(t)=m/(2h) (u/u) , eq. (9) may be written gt) by inserting dy/ dx obtained from eg. (17) into eq. (16b):
in terms ofu(t) as follows: ‘
_ . s(t) = [udt . (18)
g(t) = 'hmu-lf uxdt’ . (10) J

Sincex-x can be expressed in termsypfve can change

Substitution ofg(t) into eq. (7) and a simple algebraic eq. (15) into a more tractable form as,

manipulation give
L dp_ h’ ach 1 22
Ihﬁs ~om m(Q u +uu)B/+J’u WdtD <0(19)

If we transformy(x, t) toy(x, t) such thaty'=y + J’ utwdt
eg. (19) would become

w(t) = 55 F'g—%. (12) e _ N Fp 1
os ZmW

f(x, 1) = g(x— &)—;mhft(mf—xé)dt‘—;ln u, (1)

whereg(t) is given above and(t) is defined as,

m[Q u? + uuly’e, (20)

The differential equation fou(t) will be obtained later. , ) )
Usingf(x, t) of eq. (11), we can simplify eq. (5) as follows; Where 0’/ 9y is replaced witl’/ dy* , becauskdx=
dyIox(Idy) = dy'/ ax(3/ dy) and dy/dx = dy/ dx . Eq.

0 h2 ach h2  2in’ (20) becomegthe Schrodinger equation for time-independent
h = om Iy [mg m a(x xo)} harmonic oscillator if the following relation holds:
2 _ uu+ Qv = ¢, (21)
+[1m92+ 2h az+ha](x—x0)2(p. (13) , _ , _ _
2 m wherec is a constant. Eq. (21) is the differential equation for

For time-space transformatiérwe introduce the new U @nd can be solved whe(t) is given. Then solutions of
variablesy=y(x, t) ands=s(t), so as to removég/dx ineq. €d: _(20) would be the stgndard time-independent harmonic
(13) and replace the derivativessrandt with y and s to  ©Scillator wave functions it ands as

have 12

—3Y y =
,h[mmdrp (PSP [[dymzﬁcoz [ﬁeymﬂ @(Y.9) = Nee ™ Ha(yy)e (22)
ooy Cotlos “2m| DxOd N Upyloy 1
2 L2 whereN, = oot , c,and
_[hg+2|h a(x—xo)J[WDd(p [bnlan Y=ghoE B] 2%'
m®  m CoxCoy
2 Hn is the Hermite polynomial. From egs. (2), (4), and (22)
+ [1m92 + 2h a’+ hd}(x— xo)zfp_ (14) along with egs. (11) and (18), the exact wave function of the
2 m nth state is then
Eq. (14) would be reduced to the following: 1
maf, - [ 1 b J
W.(x t) = (2"n! u Zex + cf u“dt
ihd® - _ h’ 0-.z¢ [ mQ’ +2hzaz+hdJs'1(x—x0)2(p 0= ) - P B] 2%11
Js 2may? 12 m
(15) < expy (iU —cu?)(x-x)° + g(x—%)
if dy/ ot and ds/ dt satisfy the following coupled differential im , DV . D
equations _th (w —Xo)dtJ x HnD —u (X_XO)E (23)

m m and (12). Solution of eq. (21) would thus completely
determine(x, t) of eq. (23).
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Sincedy/ dx is a function afonly, as we note from eq. (16b),

th - h2 dzy_[h - Zihza(x— %)}g (163) whereg(t) andw(t) are given in terms af(t) as in egs. (10)

&y’ x* is equal to 0 and the first term of the right hand References
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V(% = 0(x-x) -] uwar (17)

wherew(t) is given in eq. (12). We can solve the equation for



