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Abstract— GPS carrier phase single and
double difference characteristics are studied.
Residual errors obtained from experimental re-
sults using independent commercial receivers
for two antennas are analyzed. The potential
of double differences for vehicle attitude esti-
mation using a multiple antenna configuration
with independent receivers is demonstrated.
Receiver data synchronization is also given spe-
cial attention.
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I. INTRODUCTION

Although the Global Positioning System (GPS) was
originally developed for navigation purposes, it has
also shown to be an important source of information
for vehicle attitude determination. Using the sub-
centimetric carrier phase precision of GPS, the rela-
tive position of multiple antennas placed on a vehicle
or platform can be determined with enough precision
to estimate the attitude angles of such vehicle with
an error of 0.1 degree (Parkinson and Spilker, 1996).
With carrier phase double differences, it is possible
to achieve such results using a standard commercial
receiver for each antenna and some additional signal
processing.

II. SIGNAL MODEL

A. Carrier Phase Observations

The carrier phase observation (variables observed di-
rectly) model of the signal sent by a satellite j, received
by an antenna α at time t is given by

φj
α(t) = ρj

α(t)− λN j
α − c.

(
dtj + dTα

)
+

+φj
initial + c.dj

ion − c.dj
trop + ε(φ) (1)
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Figure 1: Carrier Phase Model

where φj
α(t) is the carrier phase variation measurement

between antenna α and satellite j (in meters) at time
t (starting from the receiver’s satellite acquisition in-
stant); φj

initial is the carrier phase at the moment of
transmission from satellite j; λ is the wavelength for
the L1 GPS frequency (0,1904 meters); N j

α is the inte-
ger carrier phase cycle ambiguity between antenna α
and satellite j; ε(φ) is the carrier phase measurement
error due to receiver noise and multipath (up to 5 cm);
ρj

α(t) is the geometric range (distance) from antenna
α to satellite j at time t; dtj is the satellite j clock er-
ror; dTα is the receiver α error; dj

ion is the ionospheric
signal delay for satellite j; dj

trop is the tropospheric
signal delay for satellite j and finally c is the propaga-
tion speed of electromagnetic waves in space (Kaplan,
1996). Figure 1 helps to visualize the model presented
in (1).

B. Differential Observations

Single difference observations are constructed to can-
cel common effects shared by signals travelling from a
satellite through different paths. A carrier phase single
difference observation for two antennas α and β with
respect to satellite j is formed subtracting two carrier
phase observations like (1). The single difference is

∆φj
βα(t) = ∆ρj

βα(t)− λ∆N j
βα − c∆dTβα −

−∆c.dj
ionβα + ∆c.dj

tropβα + ε(∆φβα) (2)

where ∆ represents the difference between receivers.
In (2) the satellite clock error term is cancelled after
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Figure 2: Single Difference Observation

taking single differences between receivers with respect
to the same satellite; the same happens to the initial
phase. The tropospheric and ionospheric delay resid-
uals are negligible when compared to multipath error
and receiver noise, because they are very correlated
due to the short distance between antennas. This lat-
ter distance is referred to as the baseline and for the
present work is short when compared to the distance
between antennas and satellites. There is still a re-
maining term due to the difference in receiver clock
errors c∆dTβα that perturbs the measurements. Fig-
ure 2 depicts how the carrier phase single differences
(2) originate.

To cancel the previously mentioned remaining term,
carrier phase double difference measurements are used.
For two antennas α and β, and two satellites i and j,
a carrier phase double difference observation is formed
by subtracting two single difference observations like
that in (2), one for satellite j and one for satellite i.
Mathematically, a double difference is

∇∆φji
βα = ∇∆ρji

βα + λ∇∆N ji
βα + ε(∇∆φ) (3)

where ∇ represents the difference between satellites
and ∆ indicates the difference between receivers. The
term of receiver clock error in (2), is cancelled af-
ter taking double differences. Tropospheric and iono-
spheric effects were already negligible in (2). On the
other hand, errors due to receiver noise and multipath
ε(∇∆φ) are amplified up to a factor of two with re-
spect to single difference, in the worst case (Harvey,
1998).

C. Carrier Phase Interferometric Model

The distance between each satellite and the antennas is
at least 22.000km. This fact validates the assumption
that the received signal is a plane wave. Consequently,
the line of sight vector from antenna α to satellite j,
ej

α is assumed to be parallel to the line of sight vector
from antenna β to the same satellite j, ej

β . This leads
to the wonderful result that the difference in distance
from each antenna and satellite j can be approximated

Figure 3: Single Difference Interferometric Model

by the scalar product between the line of sight unit
vector ej and the base line vector rβα.

∆ρj
βα(t) = ρj

β(t)− ρj
α(t) ≈ reβα · ej

α = (reβα)T ej
α (4)

This situation is depicted in Fig. 3. For baselines
shorter than 100 m the results are very satisfactory;
for instance, in (Schleppe, 1996) it is shown that the
approximation introduces an error of 0.02 mm.

The superindex e in reβα means that the baseline
βα is referred to the reference coordinate system cen-
tered in the earth (ECEF), (Kaplan, 1996). Attitude
estimation needs rβα in the local coordinate system at-
tached to the vehicle. For that purpose it is required
to make a coordinate system transformation from one
system to the other. Such transformation is expressed
by

reβα = Rebrbβα (5)

where rbβα is the baseline βα in the body coordinate
system fixed to the vehicle. This rbβα is known from
direct measurements made beforehand, assuming that
no flexion or deformations occur to the baseline. It is
computed simply by

rbβα =




xβ − xα

yβ − yα

zβ − zα




b

(6)

The rotation matrix that transforms from the ECEF
coordinate system to the coordinate system fixed to
the the vehicle b is denoted Reb . This matrix can be
thought of as two independent rotations, one from the
ECEF system to the local system on the position of the
vehicle (Earth surface, airplane trajectory or satellite
orbit position) Rel , and one from the local system to
the system fixed or attached to the vehicle Rlb

Reb = RelRlb (7)

The Rel matrix is a function of the geodetic longitude
and latitude, while the Rlb matrix is a function of the
roll, pitch and yaw angles which determine the attitude
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of the vehicle (Wertz, 1986). From Eqs. (4), (5), (6)
and (7), Eq. (2) can be rewritten into

∆φj
βα(t) = −




(xj−xα)

ρj
α

(yj−yα)

ρj
α

(zj−zα)

ρj
α




T

RelRlbrbβα +

+λ∆N j
βα + ε(∆φ) (8)

For attitude estimation in three dimensions it is nec-
essary to have at least two linearly independent base-
lines, for which three antennas are needed. There
are several methods to estimate the rotation matrix
Rlb, (Roncagliolo et al., 2001) reviews several of them.
These methods assume that the integer carrier phase
ambiguity ∆Nαβ is known in advance. By inspection
of Fig. 2 or Fig. 3 it can be stated that there exists
a limited number of possible values for ∆Nαβ . For
instance, ∆Nαβ can never exceed the number of wave-
lengths that fit in one baseline.

The interferometric model for double difference ob-
servations is built from the difference between the sin-
gle difference interferometric model for two different
satellites i and j obtaining,

∇∆φji
βα(t) = ∆φj

βα(t)−∆φi
βα(t) (9)

= λ∇∆N ji
βα +∇∆ρji

βα(t) + ε (∇∆φ)

= λ∇∆N ji
βα + (ej − ei)T reβα + ε (∇∆φ)

Combining (9) and (4) for each double difference, it
turns out that

∇∆φji
βα(t) =




(xj−xα)

ρj
α

− (xi−xα)
ρi

α

(yj−yα)

ρj
α

− (yi−yα)
ρi

α

(zj−zα)

ρj
α

− (zi−zα)
ρi

α




T

Rebrbβα +

+λ∇∆N ji
βα + ε(∇∆φ) (10)

The term ε(∇∆φ) represents receiver noise and mul-
tipath error. Multipath is the dominant perturbation
in double difference carrier phase measurements and
it is up to twice as much larger than the single dif-
ference measurements. For double differences, the in-
teger carrier cycle ambiguity term ∇∆N has lost the
direct interpretation present in the single difference
case. Anyway it can be anticipated that the possible
values of the ambiguity term will also be limited. The
range of possible integers will be twice the range for
the single difference case, simply because a double dif-
ference ambiguity comes from the subtraction of two
single difference ambiguities.

III. RESULTS

A. Receivers and Antennas

The experimental system consists of a standard GPS
receiver for each antenna and a system for collecting
and processing data running on a Pentium PC. Each

Figure 4: GPS Receivers

Figure 5: GPS Antennas

receiver is connected to a serial port on the PC, where
the data processing, synchronization, single and dou-
ble difference calculations take place in real time.

Figure 4 shows how both receivers were assembled,
each connected to a different antenna. Figure 5 shows
the antennas placed at a fixed location on the rooftop
of the Departmento de Electrotecnia of the School
of Engineering, UNLP, forming a baseline to analyze
phase data and compute single and double differences.
The PC saves all the necessary information to esti-
mate vehicle attitude, but only phase measurements
are analyzed in this paper.

The measurements correspond to May 12th 2003,
from 17:00 to 17:30 hs. The satellite constellation vis-
ible from La Plata, Bs. As. was SV4, SV5, SV6, SV9,
SV14, SV24 and SV30 (SV stands for Space Vehicle).
Double difference measurements for SV30 and SV5 are
analyzed in particular. Some practical aspects of im-
portance to obtain useful measurements are also dis-
cussed.

B. Carrier Phase Measurements

Figure 6 shows carrier phase measurements for satellite
30, measured by receiver 1 and receiver 2. The linear
behavior of the measurements is due to the receiver
clock error term in (1), cdT . For baseband conversion,
some GPS receivers use an offset frequency; for the
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Figure 6: SV 30 Carrier Phase Measurements

receivers used in this paper it is nominally 96kHz. This
offset frequency is the cause for the linear behavior and
since both receivers are from the same manufacturer,
the slope of the two lines is similar (and corresponds
to this 96kHz offset).

Although parallel, it is clearly visible that a great
difference exists between the carrier phase of both re-
ceivers. This is justified since it is impossible for both
receivers to acquire a satellite at the same instant, no
matter how well synchronized are their local clocks.
Because of this difference between the time of acquisi-
tion, one of the receivers begins to accumulate phase
before the other receiver does. Evidently, receiver 2
acquired satellite 30 before receiver 1 did, since its
phase measurement for SV30 is larger than the phase
of receiver 1 at the same time.

If a zoom was done on Fig. 6 it would easily be
appreciated that the time of measurements for one re-
ceiver do not correspond to the same instants in the
other receiver. After analyzing the data closer in time,
it was observed that receiver 1 sent data with a delay
with respect to receiver 2, which means that receiver
1 had “newer” data. To synchronize both receivers
the carrier phase Doppler shift information φ̇j

2(t2) is
employed, since it is usually computed in the regular
process of estimating the position. With a linear ex-
trapolation scheme, the extrapolated phase results in

φj
2,e(t1) = φj

2(t2) + (t1 − t2) φ̇j
2(t2) (11)

where the subindex e stands for extrapolated, t1, t2 de-
note the sampling instants of receiver 1 and receiver 2,
respectively. This simple solution turns out to be very
satisfactory, mainly because the carrier phase Doppler
shift does not vary significantly from one second to the
next (under a slow vehicle dynamics assumption).

To analyze the carrier phase signal errors, a second
order polynomial is fit to the measured data. Due to
the relative movement between the satellites and the
antennas, the distance between them varies dynami-

Figure 7: SV 30 Carrier Phase Residuals

cally. The second order polynomial models the initial
phase at the receiver at the beginning instant (inde-
pendent term), phase variations due to satellite veloc-
ity relative to the receiver (linear term) and phase vari-
ations due to satellite acceleration relative to the re-
ceiver (quadratic term). The residuals after subtract-
ing the fitted curve to the measured data by receiver
1 for SV30 are shown in Fig. 7. This figure represents
the phase measurement errors in (1) with the limita-
tions of the quadratic model that was used to remove
normal satellite motion.

The result shown in Fig. 7 is consistent with the
error terms in (1). The measured data contains all
perturbations that degrade the phase signal (satellite
and receiver clock errors, atmospheric delays, multi-
path error, etc) this is why it is perfectly reasonable
to obtain a standard deviation for the residuals of 571
m. Phase information is not useful in this form.

C. Single Differences

From the phase measurements stored in the PC, sin-
gle difference observations are computed. Receiver 1
was used as the reference receiver. This means that
the phase measurements for receiver 1 were subtracted
from the phase measurements for receiver 2. This op-
eration was done with the phase measurements with
and without extrapolation to visualize any visible dif-
ference between them. Single difference measurements
for SV30 are shown in Fig. 8.

It can be clearly seen that there exists an offset
between the extrapolated and non-extrapolated sin-
gle differences. This sort of phase offset will not be
eliminated after double differencing. Indeed, the off-
set depends on the carrier phase Doppler shift of each
satellite,

∆φj
e(t1) = φj

1(t1)−
(
φj

2(t2) + (t1 − t2)φ̇
j
2(t2)

)
(12)

Since the Doppler shift varies among satellites, from
(12) it is seen that the offset does not cancel out by
differencing.
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Figure 8: Single Difference (SV 30)

Figure 9: Single Difference Residuals (SV30)

Single differences still have a predominant linear be-
havior due to the receiver clock error term c∆dTβα, see
(2). Using again a second order model, a curve was
fit to the extrapolated single difference measurements.
Figure 9 shows the residuals after subtracting the fit-
ted curve from the single difference for SV30. This
leaves mainly the error terms of the single difference.

Comparing Fig. 9 and Fig. 7 it is perfectly clear
that the scale of Fig. 9 is quite smaller; this is consis-
tent with the cancellation of some signal perturbations
common to both receivers (for example, satellite clock
error). The standard deviation was 259.5 m. This
error is too large if single differences were used for at-
titude estimation. It must be kept in mind that all
perturbations due to the receivers are still present in
the single differences (RF path length difference, re-
ceiver clock error, etc).

D. Double Differences

Choosing SV5 as a reference satellite double differ-
ences were formed, subtracting the single difference for
SV5 from the single difference measurements for an-

Figure 10: Double Difference (SV30−SV5)

other satellite. Figure 10 shows the double difference
for SV30. The mean value of the double difference was
subtracted, simply to visualize the double difference in
a convenient scale.

The first remarkable result is that the linear behav-
ior in the single differences is no longer visible in dou-
ble differences, at least not in the same dominant way;
notice the difference in scales of the plots. There still
is a linear component in the double difference of Fig.
10 but it has a very small slope which can be due to
satellite motion. Also note that receiver noise peaks
are now visible which means that the dominant per-
turbations have effectively been cancelled.

To see the effect of a bad synchronization between
receiver data, Fig. 11 shows the double differences
(again for SV30 relative to SV5), with carrier phase
samples extrapolated to a common time and without
extrapolation. As anticipated in the previous subsec-
tion, the effects produced by bad synchronization in
the single differences do not cancel when double dif-
ferences are computed. The extrapolated double dif-
ferences are given by

∇∆φji
e (t1) =

(
φj

1(t1)− φj
2(t2)

)
−(

φi
1(t1)− φi

2(t2)
)
+

+ (t1 − t2)
(
φ̇i

2(t2)− φ̇j
2(t2)

)
(13)

It is clear that for such cancellation to occur the carrier
Doppler shift for satellite j and for satellite i must be
the same.

To compare single and double difference phase er-
rors, a quadratic fit was done to the double differences.
Figure 12 shows the residuals of the double difference
for SV30 and the fitted curve. In this figure, the er-
rors which are not common to each receiver nor each
satellite are plotted, all common effects are cancelled.

The magnitude of the residuals is clearly smaller
than the residuals of Fig. 7 and Fig. 9. If system-
atic errors (common errors) were effectively cancelled
when taking double differences, the plot for Fig. 12
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Figure 11: Extrapolated and non Extrapolated Double
Difference (SV30−SV5)

Figure 12: Double Difference Residuals (SV 30−SV5)

should have a Gaussian distribution, reflecting that
noise is now the dominant perturbation factor. To
analyze this a chi-square goodness-of-fit test is per-
formed. Figure 13 shows a histogram with the double
difference residuals, the normal fit used for the test and
the difference between them. The results of the test do
not reject the Gaussian distribution hypothesis. The
estimated standard deviation was of 8.8 mm. This
value is very promising since it represents less than 1
percent of the used baseline length, consequently good
attitude estimation results can be expected.

IV. CONCLUSIONS

The previous analysis allows us to assure that carrier
phase double differences with independent receivers
are satisfactory to eliminate common perturbations.
Spatially correlated perturbations and effects due to
satellite and receiver clocks are all effectively cancelled
as shown. The need to have good receiver synchroniza-
tion was also proved and the impact of bad synchro-
nization was demonstrated. The results obtained for

Figure 13: Gaussian Fit

the standard deviation of the double differences lead to
the conclusion that the use of an independent receiver
for each antenna is appropriate for three dimensional
attitude determination in real time. The main objec-
tive of future work is removing the term λ∇∆N ji

βα of
(3) by integer cycle ambiguity estimation. Vehicle at-
titude estimation based on GPS signals can only be
tackled afterwards.
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