
Atmos. Chem. Phys., 8, 7045–7053, 2008
www.atmos-chem-phys.net/8/7045/2008/
© Author(s) 2008. This work is distributed under
the Creative Commons Attribution 3.0 License.

Atmospheric
Chemistry

and Physics
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Abstract. A variational method is developed to retrieve the
von Kármán constantκ from the CASES-97 dataset, col-
lected near Wichita, Kansas, the United States from 6 April
to 24 May 1997. In the variational method, a cost function
is defined to measure the difference between observed and
computed gradients of wind speed, air temperature and spe-
cific humidity. An optimal estimated von Ḱarmán constant is
obtained by minimizing the cost function through adjusting
values of the von Ḱarmán constant. Under neutral stratifica-
tion, the variational analysis confirms the conventional value
of κ (=0.40). For non-neutral stratification, however,κ varies
with stability. The computational results show that theκ de-
creases monotonously from stable to unstable stratification.
The variational calculated mean value of the von Kármán
constant is 0.383∼0.390 when the atmospheric stratification
is taken into consideration. Relations betweenκ and surface
momentum and heat flux are also examined.

1 Introduction

As a well-known scaling factor, the von Kármán constantκ
was introduced over 60 years ago to scale the logarithmic law
of mean wind profile in the atmospheric surface boundary-
layer. The logarithmic velocity law has been verified in the
atmosphere surface layer when a true neutral condition oc-
curs (Garratt, 1992). The von Kármán constantκ has been
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assumed to be a universal constant under the neutral atmo-
spheric condition. Extensive wind-tunnel experimental data
has revealed thatκ=0.4. However, uncertainties of the von
Kármán constant seem to exist under a realistic atmospheric
condition. These uncertainties led to continuous debating on
the true value of the von Ḱarmán constant. Suggested values
of the von Ḱarmán constant are ranging from 0.35 (Businger
et al., 1971) to 0.46 (Sheppard, 1947). Until recent years,κ

values and factors affecting the von Kármán constant have
been still pursued in the meteorological community. Fren-
zen and Vogel (1995) find thatκ is actually a weak variable
that decreases with increasing in the roughness Reynolds
number, and therefore weakly depends on the surface rough-
ness length. They suggest thatκ=0.39±1%. Their finding
seems, however, not to gain a wide support from other mea-
surements. Using Parlange and Katul’s (1995) measurement
data, Ḧogstr̈om (1996) raises an objection to Frenzen and
Vogel’s (1995) hypothesis thatκ is dependent on the rough-
ness Reynolds number. He concludes thatκ is indeed a con-
stant. Cai and Steyn (1996) investigate the von Kármán con-
stant using a large eddy simulation technique and find that
κ is dependent on “Smagororinsky-Model Reynolds num-
ber”, a ratio of advection term to sub-grid scale diffusion
term in the Navier-Stokes equation. They conclude thatκ

is unlikely larger than 0.4. A most recent review and eval-
uation on the von Ḱarmán constant is given by Andreas et
al. (2006). From their calculation using two large atmo-
spheric data sets, Andreas et al. (2006) suggest thatκ is
a constant at 0.387±0.003 for a broad range of roughness
Reynolds number 2≤Re≤100.
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A number of reasons have been highlighted to explain why
the lack of precise in determination of the von Kármán con-
stant in the atmosphere. Strictly speaking, since wind speed,
air temperature and humidity in the surface boundary-layer
can be described by the logarithmic laws which are scaled
by the von Ḱarmán constant, the estimate of the von Kármán
constant must be carried out with accurate measurements of
wind speed, air temperature and humidity as well as their
gradients under neutral conditions. In reality, this require-
ment is seldom satisfied. Adoption of different measurement
techniques may result in different values of the von Kármán
constant (e.g., Kondo and Sato, 1982). Wind sensors widely
used in the field studies of the boundary – layer meteorol-
ogy may lead to systematic errors. The limitations of data
quantity may affect the quality of the evaluation of the von
Kármán constant (Zhang et al., 1988) as well. Stability ef-
fects must be also taken into account in the estimate ofκ.
Frenzen and Vogel (1995) indicate that measurements made
in weak stable stratifications can lead to incorrect estimates
of κ because the flow would become decoupled from the sur-
face, a phenomenon often occurring over smooth surfaces
where there exists a weak mechanical mixing. They have
claimed that the remaining uncertainty on the atmospheric
value ofκ in the mid 1990s became small and the experimen-
tal estimates ofκ lies in the range from 0.36 to 0.40. In other
words,κ value is smaller than 0.4. However, the stability ef-
fects on the estimate ofκ using the classical Monin-Obukhov
similarity relationships are still not very clear. In addition,
the usual method to compute the von Kármán constant (e.g.,
so called “φm” method, Zhang et al., 1988) appears not to
consider sufficiently the measurement errors. “φm” method
derives theκ value from a number of wind profile measure-
ments by fitting an empirical curve to non-dimensional mea-
sures of the wind shear. Hence, the result from “φm” method
depends on how uniformly the estimated wind shear values
happen to be distributed along the fitting curve, and on the
accuracy of measurements (Frenzen and Vogel, 1995). Fur-
thermore, the logarithmic law for mean velocity profiles has
been extended to mean air temperature, humidity and other
scalars, though few reports have been documented to inves-
tigate the von Ḱarmán constant when it is used to scale the
logarithmic laws of air temperature and other scalars. These
comments suggest that some uncertainties still remain in the
determination ofκ. These uncertainties are likely to affect
considerably the accurate estimate of momentum, sensible
heat, humidity and concentration fluxes, because these fluxes
are proportional toκ2 (Fleagle and Businger, 1980). It is,
therefore, interesting to further investigate those uncertain-
ties and factors that may affectκ value.

With up-to-date measurement techniques, a number of
field experiments in the atmospheric boundary – layer have
been conducted in recent years. The large quantity of mea-
surement data from these filed experiments provides a new
insight into the reevaluation of the von Kármán constant.
In this study, the CASES-97 (Surface Qualls Surface Flux

Site) dataset is used to estimate the von Kármán constant.
The dataset includes wind speeds, air temperature and hu-
midity profile data at a 10 min interval with 6628 time lev-
els which were measured at a relatively flat, grass covered
site (see next section for details). To apply effectively this
large amount of data to calculate the von Kármán constant,
a variational algorithm is developed. The variational method
provides a conceptually simple and self-consistent procedure
to fully and simultaneously use the information provided by
wind, air temperature and humidity profiles, as well as other
variables measured in the atmospheric surface layer (Ma and
Daggupaty, 1999; Cao and Ma, 2005; Cao et al., 2006).

The paper is organized as follows. The CASES-97 data
are described in Sect. 2. Physical constraints and variational
method to determineκ are presented in Sect. 3. In Sect. 4,
the computational results are presented and discussed. Con-
clusions are given in Sect. 5.

2 Data

CASES-97 (Surface Qualls Surface Flux Site) dataset is a
processed dataset from the Qualls surface flux site near Wi-
chita, Kansas, the United States (37.738◦ N, 97.184◦ W). The
site is relatively flat and covered with short grass. Predom-
inant wind directions were from the N-NW and from the
SW-S-SE. The field is approximately rectangular with 400 m
clear fetches to the north and south. The fetches to the east
and west are 200 m. The field campaign was conducted dur-
ing 6 April–24 May 1997 with a time interval of 10 min,
except for a data missing period from 22:00 GMT, 1 May to
14:20 GMT, 3 May. There are total 6628 time levels of ob-
servations. Multiple level measurements of horizontal wind
speed, air temperature and relative humidity were made in
CASES-97 (Qualls Site). The wind speeds u (m s−1) were
measured at 1.0, 2.0 and 3.0 m above the ground surface us-
ing RM Young cup anemometers; air temperaturet (◦C) and
relative humidity were measured at 1 and 2 m above the sur-
face using radiation and energy balance systems (REBS THP,
shielded and aspirated). The dataset also includes sensible
heat flux, net radiation, and ground heat flux. The sensible
heat fluxH (W m−2) was measured with the eddy correla-
tion technique at 10 Hz using CSI (Campbell Scientific Inc.)
1-D sonic anemometer, and the latent heat flux LE (W m−2)

was computed from the energy budget method. In the present
study, to avoid the uncertainty due to the effects of the rough-
ness lengths on evaluation of the von Kármán constant (Fren-
zen and Vogel, 1995), wind speed, air temperature and rela-
tive humidity data at 1 and 2 m height are used. Relative
humidity data are converted to the specific humidity in order
to apply the similarity relationship of humidity in the subse-
quent variational analysis. Because in the present study we
used the information of wind, air temperature and humidity
at the two measurement levels (1 and 2 m), the roughness
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length for momentum, heat and humidity as well as the zero-
displacement height were not taken into account.

3 Logarithmic profiles and variational method

The objective of the variational algorithm in this study is to
find an optimal estimate of the von Kármán constant through
minimizing a cost function. The cost function defined in the
variational method is introduced to measure the difference
between computed and observed gradients of the wind speed,
temperature and humidity (e.g., Cao et al., 2006)

J =
1

2

[
Wu

(
1u−1uobs

)2
+WT

(
1T −1T obs

)2

+Wq

(
1q −1qobs

)2
]
, (1)

where Wu, WT and Wq are dimensional weights, the
superscript “obs” stands for observation,1u=u2−u1,
1T=T2−T1, 1q=q2−q1, the subscripts 1 and 2 stand for
the heights of the first (1 m) and second measurement level
(2 m) above the ground, respectively.1u, 1T and1q are
computed using the Monin-Obukhov similarity relationships
(Yaglom, 1977):
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wherez1=1 m andz2=2 m,u∗ is the friction velocity,T∗ and
q∗ are the turbulent surface temperature and specific humid-
ity scales, respectively. Obukhov lengthL=u2

∗T /(κgT ∗).
ψm, ψh andψq in Eqs. (2)–(4) are universal similarity func-
tions for wind speed, temperature and humidity profiles, re-
spectively (e.g., Businger et al., 1971):
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yh = 2 ln
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)
, yq = yh, (5b)

for unstable conditions (z/L<0), where
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( z
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, (6a)

and
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; (6b)

and

ym = −βm
z

L
, (7a)

yh = −βh
z

L
(7b)

for stable conditions (z/L>0). The constants in the above
formulae are expected to be sensitive to the von Kármán con-
stant. Frenzen and Vogel (1995) find that the increase inγm
by reducingκ by 5% decreases the wind gradient function
φm by 8% atz/L=−0.1 and by 11% atz/L=−1.0. In the
first instance, in the present study we shall use those values
given by Businger et al. (1971) at (γm, γh, βm, βh)=(15, 9,
4.7, 6.35) . Another group of the constants will be also used
to test the sensitivity ofκ to these constants (see Sect. 4).

The cost function, as shown in Eq. (1), contains complete
information of wind, air temperature and humidity profiles in
the surface boundary-layer. The minimum points of the cost
functionJ give the optimal estimates ofκ. At these points,
the gradient ofJ with respect toκ tends to be zero:

∂J

∂k
= 0. (8)

This gradient can be expressed as,
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The derivatives of the wind speed, air temperature and spe-
cific humidity with respect toκ can be derived from Eqs. (2)–
(7) using the chain rule of differentiation,

∂1u

∂k
=

−
u∗

κ2 ln
(
z2
z1

)
L>0,

−
1u
κ

+
u∗

κ

[
−
∂ψm(z2/L)

∂k
+
∂ψm(z1/L)

∂k

]
L≤0,

, (10)

∂1T

∂k
=

−
T∗

κ2 ln
(
z2
z1

)
, L>0

−
1T
k

+
T∗

k

[
−
∂ψh(z2/L)

∂k
+
∂ψh(z1/L)

∂k

]
, L≤0

, (11)

and

∂1q

∂k
=

−
q∗
κ2 ln

(
z2
z1

)
, L > 0

−
1q
k

+
q∗
k

[
−
∂ψh(z2/L)

∂k
+

∂ψh(z1/L)
∂k

]
, L ≤ 0

.(12)

The derivatives ofψm andψh with respect toκ for unstable
conditions in Eqs. (10)–(12) at z1 are
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= −
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Table 1. Values of the weights for wind speed, temperature and
specific humidity in the cost function for seven variational experi-
ments. Averaged von Ḱarmán constant calculated using the varia-
tional method under stable and unstable conditions in different ex-
periments is also listed.

Wu WT Wq κ κ

Run No (m−2 s2) (K−2) Stable Unstable

1 10 100 106 0.420 (771) 0.378 (1767)
2 10 0 0 0.419 (792) 0.378 (1884)
3 0 100 0 0.420 (743) 0.378 (1736)
4 0 0 106 0.420 (1168) 0.378 (1690)
5 0 100 106 0.421 (749) 0.378 (1741)
6 10 100 0 0.420 (772) 0.378 (1767)
7 10 0 106 0.420 (890) 0.378 (1881)

* values in brackets are number of samples in stable and unstable.
conditions.

where x1 and y1 are defined in Eqs. (5)–(6) atz=z1.
∂ψm(z2/L)/∂κ and ∂ψh(z2/L)/∂κ can be defined analo-
gous to Eqs. (13) and (14) but replacingz1 with z2, x1 with
x2 andy1 with y2, respectively.

A quasi-Newton method is applied to find the minimum of
the cost functionJ . This method requires to perform an iter-
ative procedure to compute the cost function Eq. (1) and its
gradients Eq. (9), and to determine the minimum of J along
a search direction via adjusting values ofκ. It is noted that
the variational method simultaneously takes into account all
information of the wind speed, air temperature and humid-
ity, and that all differences between computed and observed
wind, air temperature and specific humidity are minimized
simultaneously. Thus, an optimal estimated von Kármán
constant can be obtained once the minimization of the cost
function is reached. The following iterative procedure is used
to obtain the von Ḱarmán constant:

1. Calculateu, 1T and1q from Eqs. (2)–(4) with initial
values ofu∗, T∗ andq∗;

2. Calculate the cost function gradient (9) with an initial
value ofκ, say,κ=0.3;

3. Perform the iteration to search for a zero of the gradient
of the cost function to minimize the cost function;

4. After a new value ofκ is obtained, repeat Eq. (2)–(4)
until the procedure converges.

The convergence criterion is set to 10−4 and the convergence
requirement on searching a zero of the gradient is set to 10−7.
In principle, the weightsWu,WT andWq can be expressed to
be inversely proportional to their respective observation error
variances. In this study, the weights are chosen empirically
asWu=10 m−2 s2,WT =100 K−2 andWq=1.0×106.

Due to the “unclosed” energy balance at the surface (Fo-
ken, 2008), a large error (>20%) may occur in the determina-
tion of the latent heat flux from an energy balance equation.
In the variational approach, three equations, Eqs. (2)–(4), and
two unknown variables,u∗ andFh, form an overdetermined
system whereu∗ andFh are solved through the procedure
to minimize the difference between observed and computed
meteorological variables so that it can adjust the computed
flux toward the measured one. Through this process, the ob-
served meteorological and surface conditions are sufficiently
taken into account in the variational computation.

Since the Monin-Obukhov similarity theory (MOST) is
used as a physical constraint in the iteration procedure, it
may not be applicable under some special circumstances.
For example, in highly unstable conditions, the shear stress
becomes insignificant due to occurrence of local free con-
vection (Garratt, 1992). In highly stable conditions, turbu-
lence tends to be sporadic due to failure of the MOST. In
all these cases, even though the iteration in searing the min-
imum of the cost function Eq. (1) converges, the estimated
gradients of wind speed, air temperature and specific humid-
ity can still deviate from observational values due to failure
of the Monin-Obukhov similarity relationship. This, in turn,
will yield large errors in the retrieved von Kármán constant.
To overcome this difficulty, in this study we first impose a
constraint 0.35≤κ≤0.45. The variational-method-computed
κ values beyond this range will be discarded. Of 6628 data
points, over 2700 satisfy this constraint in which about 1900
are in unstable conditions and about 800 in stable conditions.
Computational results show that large errors occur mostly in
stable conditions. We then relax this constraint in a sensitiv-
ity test of the von Ḱarmán constant to atmospheric stability.

4 Results

To identify quantitatively the applicability of the von Kármán
constant as a scaling factor in the estimate of wind, air tem-
perature and humidity profiles, seven experiments are per-
formed by turning on and off the weights for the wind, air
temperature and humidity in the variational formulation, i.e.,
Eq. (1). The first run, referred to as the control run, considers
a realistic state of the atmosphere that includes all informa-
tion of u, T andq. In the next three runs (2–4), only one
weight foru, T andq is defined and the rest two weights are
taken as zeros. In the last three runs (5–7), two weights of
T andq, u andT , andu andq are considered and another
one is taken as zero. Table 1 lists the weights and varia-
tional computed mean values ofκ (κ=(1/n)

∑n
i=1 κ) under

the stable and unstable surface boundary-layer in the differ-
ent experiments. Value in the bracket of the table indicates
the number of samples in each run. In general,κ is greater
in the stable conditions than that in the unstable conditions
for all runs. No significant differences among the calculated
κ are found in these runs, especially for stable conditions, as
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 24 

 

 

Fig. 1. The von Kármán constant retrieved from the variational analysis under (a) stable 
conditions, and (b) unstable conditions.  
 

 

 

Fig. 1. The von Ḱarmán constant retrieved from the variational
analysis under(a) stable conditions, and(b) unstable conditions.

shown in Table 1. This confirms that the scaling factorκ can
be applied in all logarithmic laws foru, T andq.

Figure 1 displays retrievedκ values under stable and un-
stable conditions. As seen, using the Monin-Obukhov re-
lationship described in the last section, the retrieved von
Kármán constant appears not a constant anymore. It can be
seen from Fig. 2 thatκ decreases monotonously from the
stable to unstable stratification. This decreasing pattern is
similar to Andreas et al’s results using two different datasets
(Andreas et al., 2006). Althoughκ seems to oscillate both
in stable and unstable conditions (Fig. 1a and b), our varia-
tional computations suggest thatκ values retrieved from the
variational analysis under stable conditions are greater than
0.4 (not averaging), smaller than 0.4 under unstable condi-
tions, and equal to 0.4 under neutral conditions. While all
atmospheric stratification is considered, an averagedκ value
calculated by the variational method with 2594 samples is
0.390. This value is slightly greater than Andreas et al.’ value
at 0.387±0.003 and the same as theκ value reported by Fren-
zen and Vogel (1995). Nevertheless, this value does confirm
that the von Ḱarmán constant is smaller than 0.40, consistent
with Andreas et al.’s conclusion (2006).

To test if the retrievedκ is sensitive to choices of the pro-
file constants (γm, γh, βm, βh), two groups of the profile con-
stants are employed in the variational calculations. The first
group of the profile constants, (γm, γh, βm, βh)=(15, 9, 4.7,
6.35), was given by Businger et al. (1971) and defined subject
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Fig. 2. Variations of κ with stability. The profile constants used in the 
variational computation are (γm, γh, βm, βh) = (15, 9, 4.7, 6.35).  
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Fig. 3. Change in the von Kármán constant with the Obukhov length 
under stable surface boundary-layer. Results are obtained by imposing 
the condition 10 < L < 10000.    

Fig. 2. Variations ofκ with stability. The profile constants used in
the variational computation are (γm, γh, βm, βh)=(15, 9, 4.7, 6.35).

to κ=0.35P−1
rt (Prt is Prandtl number andP−1

rt =1.35). Using
this set of the profile constants and the CASES-97 dataset,
we arrive at an averagedκ value at 0.390 (2954 samples),
as stated above. As shown in Fig. 2, in neutral conditions
κ is equal to 0.40. The second group of the profile con-
stants, (γm, γh, βm, βh)=(19.3, 11.6, 6, 7.8), was defined
subject toκ=0.40 andP−1

rt =1.05 (Ḧogstr̈om, 1988; Foken,
2006, 2008). Using this group of constants the variational
analysis yields an averagedκ value at 0.389 (2811 samples),
which is almost the same as Andreas et al.’s value (2006) but
slightly lower thanκ value (0.390) obtained using Businger
et al.’s profile constants. In calculations, we did not pre-
define aκ value following either Businger et al. (1971) or
Högstr̈om (1988) work but just gave randomly an “initialκ
value” (say,κ=0.3) in the iteration procedure of the varia-
tional method. Again we find that in neutral conditionsκ is
equal to 0.40, computed using the second group of the profile
constants. This result appears to suggest that the determina-
tion of the profile constants seems not to depend on the von
Kármán constant. If we relax the constraint 0.35≤κ≤0.45
imposed to the variational computed results but simply intro-
duce a new condition which only rejects calculatedκ values
greater than 0.8, we then found that under unstable condi-
tions κ=0.340 using the first group of profile constants and
0.351 using the second group of constants. For the stable
cases,κ=0.493 using the first group of profile constants and
0.490 using the second group of constants. Overall, using the
classical Monin-Obukhov similarity relationship (Businger
– Dyer profile relation) and those profile constants the von
Kármán constant in the non-neutral stratification deviates
from its value (0.4) in the neutral stratification. This agrees
with Andreas et al’s results, obtained using SHEBA (Surface
Heat Budget of the Arctic Ocean) dataset (2006), showing

www.atmos-chem-phys.net/8/7045/2008/ Atmos. Chem. Phys., 8, 7045–7053, 2008
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Fig. 3. Change in the von Ḱarmán constant with the Obukhov length
under stable surface boundary-layer. Results are obtained by impos-
ing the condition 10<L<10 000.

dependence of the von Kármán constant on stratification.
Following Andreas et al., a stratification correction is made
to the variational calculatedκ values. This yields a mean
value of the von Ḱarmán constant at 0.401. Hence, using the
constantκ value at 0.4 in all atmospheric stability without a
stratification correction will lead to errors in the estimate of
wind speed and scalars profiles, as well as surface fluxes un-
der the non-neutral conditions. These errors would increase
with the increase in the strength of atmospheric stability, as
shown in Fig. 2.

Additional computations were conducted to test the sensi-
tivity of the von Kármán constant to atmospheric stability by
relaxing the imposed constraint 0.35≤κ≤0.45. Instead, we
simply impose a condition which limitsκ≤0.6. This yields
κ values at 0.428 for stable condition and 0.340 for unstable
condition. The mean value of the von Kármán constant with
total 3563 samples is 0.384 under all atmospheric stability
conditions. If we further impose the conditionκ≤0.7 in the
variational calculation, we obtainκ=0.453 for stable condi-
tions. The number of samples satisfying the condition for the
stable atmosphere (κ≤0.7) increases from 778 (forκ≤0.6) to
859. This suggests greater uncertainties in determination of
the von Ḱarmán constant in the stable boundary-layer com-
pared with unstable conditions. It is important to indicate
that, because the majority of the stable cases are rejected by
the restrictions onκ in our calculations, the meanκ value of
0.384 is, in reality, weighted to unstable conditions.

Instead of imposing conditions on the von Kármán con-
stant, we now introduce constraints subject to stable stratifi-
cations by setting the Obukhov lengthL>10, 20,. . . , 10 000.
Figure 3 illustrates the change in the von Kármán constant
with these conditions in the stable boundary-layer using
Högstr̈om’s universal constants (1988; Foken, 2006). As
shown, the von Ḱarmán constant tends asymptomatically to

0.4 from very stable to neutral condition (L→∞). The fig-
ure also shows that, if we use the restriction 0.35≤κ≤0.45 in
the variational computation,κ values under the stable atmo-
sphere withL<60 would be rejected by this constraint. This
suggests that the von Kármán constant cannot be determined
precisely in the very stable atmospheric boundary-layer.

A question might be raised for the significance of the dif-
ference betweenκ values at 0.39 and 0.4 when the measure-
ment errors are taken into account. As aforementioned, our
calculated values with and without the constraint forκ ranges
from 0.384 to 0.390, which is within the error range of An-
dreas et al.’s (2006) value at 0.387±0.003. In the present
study, the measurement errors were taken into account by in-
troducing the dimensional weights for wind, air temperature
and humidity profiles in the cost function (Eq.1), defined to
be inversely proportional to their respective observation error
variances. This is one of advantages of the variational tech-
nique. The statistical difference between variational com-
putedκ values and theκ value at 0.4 has been determined
using a t-test. Based on the calculation, the statistict un-
der the null hypothesisHo, is equal to 6.27 (>t0.005/2=2.6)
with the statistically significant level of 99.5%. This sug-
gests that the statistical difference betweenκ values at 0.39
and 0.4 is significant. In addition, it is not clear if the vari-
ational calculated von Ḱarmán constant would be sensitive
to wind, air temperature and humidity profiles at different
observation levels, because these profiles are not linear in
the vertical. The CASES-97 dataset provided only air tem-
perature and humidity at two levels above the ground sur-
face. The ratio of the measuring heights (2 and 1 m) is likely
not higher enough to determine gradients in the surface layer
with a high accuracy (Foken, 2008). The lower level at 1 m
could be also influenced by the roughness sublayer. A rem-
edy is to use multiple level measurement data. Further study
of this aspect is needed by using multiple level observations.
There are likely other factors that affect the determination of
the von Ḱarmán constant. In the present study, the physical
constraints in the cost function (Eq.1) are expressed by the
Monin-Obukhov similarity relationships from which the von
Kármán constant is retrieved. Therefore, uncertainties in the
MOST in estimation of profiles of wind, air temperature and
humidity as well as momentum and heat fluxes, especially
under very stable and strong convection conditions, would
inevitably yield errors in the evaluation of the von Kármán
constant. On the other hand, given that the advantage of the
variational method is that it is able to fully take into account
information of the existing MOST and measured meteoro-
logical conditions over an underlying surface, the variational
method has led to substantial improvements over the con-
ventional MOST-based flux-gradient method (Cao and Ma,
2005; Cao et al., 2006). We would expect that the variational
estimatedκ values would be more accurate than that derived
from the conventional method.

It has been arguable that the von Kármán constant might
depend on the roughness Reynolds number (e.g., Frenzen
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Fig. 4. Variation ofκ with (a) momentum fluxu2
∗ (m2 s−2) and(b)

heat fluxu∗T∗ (m s−1 K). Linear equations of fitting line are also
displayed.R2 is the coefficient of determination.

and Vogel, 1995; Andreas et al., 2006). In the present study,
the roughness length was neither used in the model nor re-
trieved from the variational algorithm. Thence, we did not
attempt to evaluate the relationship between the von Kármán
constant and the roughness Reynolds number. Instead, we il-
lustrate retrieved values of the von Kármán constant against
the momentum fluxu2

∗ (surface shear stress) because the fric-
tion velocity is proportional to the roughness Reynolds num-
ber. As shown in Fig. 4a,κ appears to increase slightly with
the increase of u2∗, as seen from the fitting line but there is
large deviation ofκ (<0.4 and bellow the fitting line) from
the fitting line. This indicates that the von Kármán constant
does not change significantly withu2

∗. The relationship be-
tween the von Ḱarmán constant and heat flux (u∗T∗) is dis-
played in Fig. 4b. As shown,κ is greater than 0.4 when the
heat fluxes are negative (downward flux) and smaller than
0.4 when theu∗T∗ are positive (upward flux). The results
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Fig. 5. Correlation diagram for variational calculated and measured heat flux. 

 
Fig. 5. Correlation diagram for variational calculated and measured
heat flux.

presented in Fig. 4b are, in fact, consistent with Fig. 2 and
the finding described before. Namely,κ is greater than 0.4
under stable conditions and smaller than 0.4 under unstable
conditions. For the neutral stabilityu∗T∗=0, κ is equal to
0.4. This confirms merely the variation ofκ with stability as
shown in Figs. 2 and 3. There appears no clear functional
relationships betweenκ andu∗T∗.

To test the accuracy of the variational analysis applied in
this study, we compare the computed and measured sensi-
ble heat fluxes. The computed sensible heat fluxes is de-
fined byH=−cpρu∗T∗, whereρ is the air density,cp is the
specific heat of air at constant pressure,u∗ andT∗ are de-
rived from the variational computation, respectively, as de-
scribed in Sect. 3. The results are plotted in Fig. 5. As seen,
the computed sensible heat fluxes agree very well with the
measured heat fluxes (note that a constraint 0.35≤κ≤0.45
is imposed in the analysis). These agreements are at least
due partly to adjustingκ value in the variational computa-
tion that helps to minimize the errors between the estimated
and measured fluxes. Table 2 lists the RMS errors and rela-
tive errors between the estimated and measured gradients of
the wind speed, air temperature, specific humidity and heat

fluxes. The RMS error is expressed asEr=
(∑n

i=1 s
2
i /n

)1/2
,

wheresi is the difference between the estimated and mea-
sured quantities. For example, the difference between esti-
mated and measured wind speed gradient issi=1ui−1uobs

i .
The relative error for wind speed gradient can be written as

Re =

(∑n

i=1
(1ui −1uobs

i )2/
∑n

i=1
1u2

i

)1/2
. (15)
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Table 2. RMS and relative errors between estimated and measured gradients of wind speed, temperature, specific humidity and sensible heat
flux.

1u (m s−1) 1T (K) 1q H (W m−2)

RMS RE RMS RE RMS RE RMS RE

0.7169E-2 0.9360E-2 0.1305E-2 0.4883E-2 0.4004E-6 0.5435E-2 7.2334 0.2010

Clearly, both RMS and relative errors between the esti-
mated and measured gradients of wind speed, air tempera-
ture and specific humidity are very small. For the sensible
heat flux, RMS and RE are equal to 7.2 and 0.2 W m−2, re-
spectively.

5 Concluding remarks

A variational method was developed to retrieve the von
Kármán constant. This method made use of full informa-
tion of measured gradients of the wind speed, air tempera-
ture and humidity. It was found from the variational anal-
ysis using over 2700 samples collected in CASES-97 (Sur-
face Qualls Surface Site) field campaign thatκ is a constant
at a value of 0.40 for neutral stratification. For non-neutral
stratification, the von Ḱarmán constant is greater than 0.4
under stable conditions and smaller than 0.4 under unstable
conditions. When all atmospheric stratifications were taken
into account, the averagedκ value is 0.384–0.390. Using
the classical Monin-Obukhov similarity relationship associ-
ated with different profile constants, overall results show that
κ decreases monotonously from stable to unstable stratifi-
cation. It is anticipated that for very stable conditions, the
von Kármán constant becomes indeterminate. Deviation of
κ from its constant value (0.4) in the neutral stratification be-
comes significant as strong stable and unstable stratification
take place. Therefore, a constant value ofκ at 0..40 in all at-
mospheric stratifications without stability correction is likely
to yield errors in the estimate of the profiles of wind speed
and scalars, as well as surface fluxes under the non-neutral
conditions. Our results also confirm Högstr̈om (1996) and
Andreas et al. (2006)’s finding that, for a given von-Kármán-
constant at 0.40 is, the universal functions may yield a devi-
ation of 10–20% fromκ=0.40.

Attention should therefore be paid for the hypothesis of
the constantκ in the non-neutral atmospheric stratifica-
tion. A reevaluation of these relationships (Eqs.2–7a, b),
or at least those profile constants (in Eqs. 6a, b–7a, b),
might become necessary. As Frenzen and Vogel (1995) no-
ticed that, in the form of most often used Monin-Obukhov
similarity relationships, namely, the Businger-Dyer relation
φm=(1−γmz/L)−1/4, decreasingκ by 5% increasesγm by
more than 60%. Currently, it is not clear if the changes in
the profile constants could help to reduce the deviation ofκ

in the non-neutral stratification from its constant value at 0.4
under the neutral stratification. Our variational calculation
suggested that the von Kármán constant appeared not to re-
spond strongly to the profile constants.
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