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Abstract. In this technical note we present the exact form of erature. In this note we present a formula for the hetero-
the Zeldovich factor for heterogeneous nucleation on spherigeneous Zeldovich factor in the case where the pre-existing
cal pre-existing particles. We study the error caused by placondensation nuclei are spherical.

nar pre-existing surface approximations, which have been

used in our earlier heterogeneous nucleation model and else-

where in the literature. We also test the significance of widely, Theory

used approximations for cluster surface area and circumfer-

ence. We conclude that the approximations do not affect thg, ¢ previous article on one-component nucleation in the

predicted onset saturation. Especially for small pre-existingyatian atmosphere published in Journal of Geophysical Re-
particles the nucleation rates calculated with the exact anda4,cp — Planetd@ttinen et al.2005 we derived a form
approximative models differ significantly. of the one-component Zeldovich factor only applicable for
a planar pre-existing condensation nucleus (CN) surface.
Pruppacher and KletPfuppacher and Kletl 997 pp.202)

1 Introduction state that the Zeldovich factor can be expressed as
Formation of new aerosol particles via gas-to-particle con-

version plays an important role in the atmosphere of Earch _ Ap* @
as well as that of planet Mars. In homogeneous nucle- 3rkT (N*)2

ation molecular clusters are formed spontaneously from the

vapour, whereas in heterogeneous nucleation clusters forrg,, arbitrary geometries for which the surface area of the
on the surfaces of pre-existing particles, for example dusteyster, 4, is proportional toN?/3, whereN is the number
thus facilitating the start of their condensational growth. Nu- ot mojecules in the clusterag is the formation energy of
cleation rate, or in the heterogeneous nucleation the nucleg,e cluster,* stands for the critical clustef is the tem-
ation probability, is the quantity accessible to laboratory a”dperature and: is the Boltzmann constant. Equation (11)
field measurements. The barrier for critical cluster forma-j, our paperMzattinen et al(2009 is based on equation
tion, in other words the formation free energy, is the key (1) and shows a relation between the homogeneous and
quantity in predicting particle formation rate, and thus the- heterogeneous Zeldovich factors. For a planar CN surface
orists focus on predicting it accurately. Nucleation rate is 4 N?/3, and the geometric factor=A¢"®Y Ap"°™ and
proportional to the exponential of the formation energy, andfn*:Nhet/Nhom are equal, in which case relatio) (n fact

the kinetics of the cluster growth is described by two Pre- simplifies intoZne=
exponential factors: the average growth rate of a critical

cluster and the Zeldovich factor. The Zeldovich factor cor- mponent heterogen nucleation in th t curved
rects among other things for the fact that some clusters thayOMPONENt NElerogeneous nucieato € case of curve

s ; . : re-existing surface; in this case the cluster surface area is
have reached the critical size still decay to smaller sizes. I 9 :

_ : ; 2/3 ;
one-component nucleation the homogeneous Zeldovich facr—]Ot proportional taV=/". We also present some modelling

tor has a simple, well known analytical form, and an expres-reSUItS on its effect on nucleation. It should be noted that

sion for the heterogeneous Zeldovich factor in the case o$he formulation presented Maatanen et al(2005 is well

planar pre-existing surface has also been presented in the li ipplicable for Ia'rge pre-emstmg particles acting as CN, and
hus the approximation does not affect the results of paper

Correspondence tdd. Vehkanéki Maattanen et al(2005, but for small CN the differences may
(hanna.vehkamaki@helsinki.fi) be large.

%Zhom-

Here we derive the exact Zeldovich factor for one-
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where
d?=r®+R2-2r R, cosp=r?(1+X?-2Xm) = r?d3.  (6)

and X=R,/r andm=cos®, where? is the contact angle
between the cluster and the pre-existing surface, as defined
by Young’s equation

Ol,sol — Og,sol
Og.l

cos? =m =

Now using @), (5), (6) and (7) the surface ternganz(l—
COSY)+(07,s01—0 ¢, s0l) 27T R,%(l— COS¢) can be written as

surf =

A(phet 2rog (r2 — lez,

3_,2 _ 2.2 3
r r“Rpym erm —i—Rpm

+
Fig. 1. The geometry of heterogeneous nucleation: a critical cluster \/rz —2rR,m + RIZ,
of radiusr on the surface of a pre-existing particle of radiys R

8)

We can easily calculate the first derivative of the volume

term Ap Nhet
The Zeldovich factor is by definition het
Z)A(pvol
* het — Ap. (9)
—1 T a2Agphet ) oN
Zhet= | m——— | —=5 | - ' R .
het 2nkT [B(th)z} @ The first derivative of the surface term can be taken using the

. - . chain rule
To obtain an explicit form for the Zeldovich factor we have

to take the second derivative of formation free energy, whichd Aph%% <8A<p2§rtf> < ar )
d

can be written gNhet — ar Nhet
AQ" = AgLSi+ Aplg! dA@heL\ (g het -1
= og27r*(1— cosy) == ™ : (10)

T - 27 R%2(1—co I,
(1,50l = 0. s0) 2 2 From (L0) it is seen that we also need the dependence of the

+ AMNhet (3 number of molecules on the cluster radius, which can be ac-
quired by expressing the heterogeneous cluster volume with

For simplicity of terminol k about a liquid clust:
or simplicity of terminology we speak about a liquid cluster the help of the geometry as

forming on a solid CN, but the formulae are applicable also
to the case of solid cluster forming on a solid CN. In E). (
0,1 is the gas-liquid surface tensiosy,sol ando, sl are re-
spectively the liquid-solid and gas-solid surface energiés, —ZR3(2 — 3c0sp + CoS §). (11)
the radius of the cluster aml, the radius of the pre-existing 37

particle. Au is the chemical potential difference between  \yo can expres®/ Mt using the formulae4), (5), (6) and

gas and liquid, both at the gas pressure. We have used trﬁl)’ and the liquid phase molecular volume as
equimolar surface conditiorDho and Kondp196Q Laak-

sonen et a).1999 for all the phase interfaces, which means o vhet g <2r3 2R3
- - p

yhet _ %r3(2 — 3cosy + cosS ¥)

that the total number of molecules in the clusi&t equals v 3y
the number of molecules in the hypothetical bulk liquid since 5 4 _ 2r3R ym — rle% (m2—1) — 2rR13;m 4 2R§)

(12)

surface excess contributions are set to zero. The geometry of+
heterogeneous nucleation is shown in Hig. \/rz — 2rRpm + R
The angleg andy, can be expressed as

Now we can calculate both derivatives needed in Ef) (
R, — rcost _X—m

cosp = = (4) het
oA
d dyx Psurf _ 27Tr(7g,1 ) (13)
and or , ,
_ _ _(1_ 1-mX)[2—4mX — (m“ — 3)X“]
R,cosp—d  r—R,cosd —(1—Xm) (
cosy=—2 = Z =— (5) (2 + 1 _2mX 1 X232
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and Heterogeneous nucleation of CO,
8Nhet 2 0.8 Zoow - T T T T —T
_ a4 e BT
or vy 07 r Zyeu Ry=10 M 1
Zoig» Rp=10 nm v
(1—mX)[2— 4mX — (m2 — 3)X2] _ ost o 1
2+ >3 . S
(1-2mX + X2)3/ S osf 1
<
Combining the resultsdj, (14) and (L5) we can see thatthe 2 %47
first derivative of the formation free energy is 3 o3l
) N
BAP" _ dAgu  dApCT: (AN 15 |
aNhet = Tgphet a7 a7 (15) o1 f |
20, 1V 0] 4 5 ;s 7 ;3 ;a 10
=Apn+ ro Saturation ratio

This natural result explicitly confirms that (in the one-
component case) setting the first derivative of the formationFig_ 2. The exact (long-dashed line foruin and dotted line for

free energy to zero gives the Kelvin equation. The secondgpm) and the approximative (solid line fopn and short-dashed

derivative of the formation free energy thus becomes line for 10 nm) Zeldovich factors as a function of saturation ratio.
32 Agphet =204,y or approximation also mentioned in the text: the cluster cap sur-
g(Nhey2 | 2 g Nhet face area has been approximated a8 The real cap surface
1 area can be easily calculated as
_ het
= —20g1u (N 5 r — R, cosy
r2 ar Anet=2mrc |1+ — ) (18)
—205.,11)12 1 (16)
ot | g4 @mXR-dmX—m?-3)X? | 3 Model results

(1-2mX+X2)3/2

We conducted some of the model runs described in paper
Maattanen et al(2005 again with the exact formulations in-
cluded in the model. Here we present results for,GO-

Inserting this result intod) we can acquire the exact form of
the Zeldovich factor

v [og 1 cleation only. The model runs were made in the Martian
Zhet = e Y e - Lo X)[2—dmX —(m2—3)X7] atmospheric conditions.with 95.32% G@tmosphere, and
(1-2mX+X?2)3/2 the temperature range in the runs was 100-150K. The pre-

existing particle radiu® , was 1um which is near the mean
(17) radius of Martian dust near the surface. Here some runs were
made also using a radiug, of 10nm to test the effect of
the planar surface approximations for small pre-existing par-
It should be noted that the heterogeneous Zel-ticles.
dovich factor Znet reduces to the homogeneous one Figure2 shows that the exact Zeldovich factors are some-
Zhomzvl/(2ﬂr*2)1 /0g.1/(kT) in the case whem=—1 (CN what larger than the approximations for a planar surface, and
surface completely non-wetting) of=0 (radius of the CN  the difference grows when the critical cluster gets smaller
approaches zero), as it should. with increasing saturation rati§. It can also be seen that
The papeMaattanen et al(2005 included also two other the difference is smallest at the saturation ratios between 1
approximations. The cluster circumference was approxi-and 2 where nucleation onset happens, and thus the conclu-
mated in the nucleation rate expressions (8) and (12) of refsion is that the inaccurate Zeldovich factor does not affect the
erenceMaattanen et al(2005 asxr sin®, which is again  prediction of nucleation onset significantly.
an approximation for a planar pre-existing surface. The cor- Figure 3 shows the nucleation raté and the nucleation
rect form for a spherical pre-existing particle i R, sing, probability P calculated for lum pre-existing particles with
where sinp can be calculated with the help of Ed).( both the exact and the approximative models. The nucleation
The direct vapour desorption approach for the growth raterates differ very little, and the nucleation probabilities reach
of the embryo was presented in the comparison of the modvalues near unity at the same saturation ratio. The difference
els. The formula (14) iMaattanen et al(2005 includes an  in nucleation probabilities is seen only for very small values

4

(1-mX)[2—4mX —(m?2—-3)X?2] *
(1-2mX+Xx2)3/2

= Zhom
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Heterogeneous nucleation of GO, Heterogeneous nucleation of CO,
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Fig. 3. The nucleation rates (solid line for the exact and short- _. . .
dashed line for the approximations) and the nucleation probabilitiesFlg' 5. The exact (dotted line for 10nm and long-dashed line for

. ) . “1um) and th roximati hort-dashed line for 10nm an li
(long-dashed line for the exact and dotted line for the approxma-.“ ) and the approximative (short-dashed line fo . Onm & dsq id
) . . . line for 1um) cluster cap surface areas as a function of saturation
tion) as a function of saturation ratio.

ratio.

J with four different Rp

1e+40 T T T T T
Jold, 10 micron

error is different. The plot shows that for 10 nm angdrh
pre-existing particles the approximated cap surface areas are

Tes35 | A ] equal, as it should since the approximate area does not de-
J a N . n . .
1e+30 | NI — ] pend on th(_e pre-existing particle size. W|th the _exact ap-
Jnew, 1 micron *++++++= proach the influence of the pre-existing particle size on the
1e+25 [ new, 100 nm * N

cap surface area is clearly seen.

new, 10 nm

1e+20

Te+15 | ] 4 Conclusions

\X@\&“E‘A

Nucleation rate (5‘1)

1e+10 | o
a2

The theory of heterogeneous nucleation is not complete with-
] out a correct form for the Zeldovich factor. We present
; - PP ‘2 7 s an analytical expression for the Zeldovich factor in one-
Saturation ratio component heterogeneous nucleation with spherical conden-
sation nuclei. This result absolves us from the unnecessary
approximation of using the homogeneous Zeldovich factor,
Fig. 4. The nucleation rates as a function of saturation ratio for four Of the heterogeneous factor for planar pre-existing surface,
differentR, sizes, 10 nm, 100 nm,/Am and 1QGum. when the condensation nuclei are small. We tested the dif-
ference in numerical results obtained using approximate and
accurate Zeldovich factor in a case of £@ucleation in

of P (note the logarithmic scale). The onsét éxceeds 0.5) Martian atmosphere described in our earlier ppéattanen
happens at the same valuessdbr both models. et al.(2009. The exact Zeldovich factor give larger nucle-
Figure4 shows the nucleation rate as a function of the sat—a‘tion rates than the approximate, but the difference is less

uration ratio for four different CN radii. The difference be- than one order of magnitude. The difference is smallest be-

tween the exact and approximative formulations is small, buttWeen saturation ratios one and two, and thus the onset of

visible, and especially so for small pre-existing particles. nucleation is well predicted even with the approximate Zel-

Fi 5sh he diff in th ; Idovich factor. As expected, the inaccuracy of the approx-
Igures s ows the di erence |2t € cap surlace areas Calj5ie method increases when the size of the condensation
culated with the approximationr< and the exact formula-

f . ) . . nuclei decreases, but it is clearly detectable even with nuclei
tion given by Eq. 18). The difference increases with de- y

; ! . S . - of one micron radius.
creasing saturation ratios, which is natural, since the critical

cluster is largest with small values ¢fand thus the error  acknowledgementswe thank the Academy of Finland and the
in the cap surface area is also largest. It can be seen th&fordelin foundation for funding.
for different pre-existing particle sizes the behaviour of the
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